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Abstract

Decision makers often face uncertainty about the ability and the integrity of their
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ing skilled and unbiased, she may truthfully report her private information about the
decision-relevant state. However, while in a truthtelling equilibrium the decision maker
learns only about the ability of the expert, in an equilibrium with some misreporting
she also learns about the expert’s bias. Although truthtelling allows for better current
decisions, it may lead to worse sorting outcomes. Therefore, if a decision maker is
sufficiently concerned about future choices, lying may be welfare improving.
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1 Introduction

Consider a politician that hires an advisor to make a more informed decision on a spe-
cific policy. The politician knows the advisor is a specialist but does not know how well
informed the advisor is (ability), and whether she is biased in favor of a specific interest
group (integrity). Suppose the advisor is actually biased and yet provides a recommen-
dation that is genuinely based on her expertise, as an unbiased one would do. As the
advisor is a specialist, a truthful recommendation is likely to be correct. This is desirable
for the sake of current decisions. However, in deciding whether to consult the specialist
again in the future, the politician also requires information about her integrity. Indeed,
if the advisor favors a certain industry, she will provide biased recommendations as soon
as it is to her advantage. If her behavior is truthful, however, the politician is prevented
from learning about the integrity of the advisor because the behavior of a biased expert
is indistinguishable from that of an unbiased one (i.e., they both behave truthfully). Now
compare the previous situation with a scenario in which, for example, biased advisors tend
to ignore what their private information would suggest and prescribe a policy that favors
a tax break for a specific industry. In this case, observing such a recommendation may
cast doubt on the advisor’s integrity. Lying thus reveals evidence about preferences, which
remains concealed if behavior is truthful. This knowledge can prove useful in deciding
whether to replace the expert or to continue to rely on her services in order receive better
advice in the future.

A natural question that arises in this setting is whether facing advisors that sometimes
lie in the current period, instead of always honestly reporting their information, may al-
low politicians to make more informed future decisions. To put it more bluntly: is there
scope for good lies? To address this issue, we introduce a model that incorporates the key
features of the example described above and identify situations in which some degree of
misreporting may be preferable to truthful reporting.

The model we propose is general enough to encompass other settings that involve

2



ongoing relationships between decision makers and experts such as those between patients
and doctors, firms and consultants, and investors and financial analysts. In this context,
the primary focus of our analysis is on the decision maker’s welfare.

Specifically, we consider a two-period model of career concerns in which a decision
maker chooses a binary action in each period, and her payoff from the action depends on
an unknown state of the world. In each period the decision maker can consult an expert
that has privileged information about the state, but faces uncertainty about both the ability
(i.e., the precision of her information) and the integrity of the advisor (i.e., whether she
is biased in favor of a particular course of action). We assume that ability and integrity
are independently distributed. The decision maker starts with some prior beliefs about
ability and integrity, and updates these beliefs at the end of the first period after observing
the recommendation of the expert and the true state of the world. These posterior beliefs
about integrity and ability jointly determine the expert’s reputation, which is essentially a
measure of the value of the expert’s advice in the second period. Accordingly, the value of
reputation determines whether the decision maker retains the expert, and if so, how much
payment the expert receives for her services in the second period. This, in turn, creates
reputational concerns on the part of the expert in the first period.!

We show that reputational concerns may induce both biased and unbiased experts
to truthfully reveal their information about the state of the world in the current period
(discipline effect). This is clearly beneficial for the quality of the decision maker’s current
decisions. The quality of future decisions is instead affected by how much the decision
maker learns about the expert’s ability and bias (sorting effect). In this respect, we note
that there is a trade-off between what the decision maker learns about each of these two
dimensions. In particular, while truthful reporting allows for sharp learning about the abil-
ity of the expert, it nevertheless precludes learning about integrity. Intuitively, this occurs

because in a truthtelling equilibrium observing the expert’s recommendation is equivalent

IThroughout the paper we refer to reputational concerns and career concerns as synonyms.



to observing the expert’s information. Hence, the decision maker is in a good position to
evaluate the quality of the expert’s signal. However, as both biased and unbiased experts
behave exactly in the same way (i.e., they both report their information truthfully) and
are both as likely to have the same information (i.e., ability and integrity are indepen-
dent), it is impossible for the decision maker to infer something about the integrity of the
expert by simply observing her recommendation. On the contrary, we show that informa-
tive equilibria in which experts only partially reveal their information about the state are
such that the reporting strategies of biased and unbiased experts are necessarily different.
In these equilibria, while observing a certain recommendation reveals some information
about integrity, learning about ability can never be sharper than in a truthtelling equilib-
rium because the reported recommendation only partially reflects the actual quality of the
expert’s information.

Our main result shows that equilibria with some misreporting can improve sorting with
respect to truthful reporting when they allow for certain specific patterns of learning about
ability and integrity. In these cases, decision makers may prefer some misreporting if they
are sufficiently concerned about the expected quality of their future decisions, in other
words if they have a relative preference for sorting over discipline. We, therefore, prove
that although truthtelling equilibria exist, they can be welfare-dominated by equilibria that
involve some degree of misreporting. Allowing reputation to depend on two dimensions of
uncertainty about the characteristics of the expert, thus provides novel results with respect
to settings in which there is only one dimension. In these latter cases, either truthtelling
equilibria do not exist (as in Morris, 2001 where reputation is only related to preferences
and biased advisors prefer actions to be distorted in a particular known direction) or, when
they do exist, they always dominate misreporting equilibria (as in Prat, 2005 and Ottaviani
and Sorensen, 2006 where reputation is only due to ability).

First, we characterize a class of misreporting equilibria that always improve sorting

with respect to truthtelling. In these equilibria, which we name Misreporting Biased (M B):



the unbiased expert always truthfully reports her information; the biased expert misreports
her information by sometimes recommending the action she favors when her private infor-
mation would suggest the opposite; and the decision maker retains the expert if and only
if her recommendation is ex-post correct. In these equilibria, sorting improves because, on
the one hand misreporting by the biased expert leads her to make more mistakes, there-
fore increasing the likelihood that an expert that makes a correct recommendation and
is retained by the decision maker, turns out to be unbiased. At the same time, what the
decision maker learns about the ability of an unbiased expert is the same as in 7'T", since
in both equilibria unbiased experts follow the same strategy of truthfully reporting their
signals.

Going back to the politician-advisor example, our result suggests that a politician whose
current decisions are relatively less important than future ones may prefer a setting in
which biased advisors tend to provide advice guided by their conflicts of interest. This will
lead the politician to make more mistakes in the present but will allow her to better dis-
criminate between biased and unbiased experts. This is so, because equilibrium behavior
implies that an advisor that suggests a policy that fails to deliver the desired results will
be replaced, and advisors that provide biased suggestions end up making mistakes more
often, thus allowing some lying to improve sorting with respect to a setting with truthful
behavior.

We then characterize the class of equilibria in which the unbiased expert misreports
and analyze whether these equilibria have the potential to improve welfare with respect
to truthtelling. These equilibria, which we denote Misreporting Unbiased (MU), are of
interest because they represent the case in which the unbiased advisor lies to signal her
type to the decision maker. Indeed, like M B equilibria, this class also displays the feature
that the expert’s recommendation reveals some information about her integrity, and is
characterized by the unbiased expert partially revealing her information about the state,

the biased expert either truthtelling or partially revealing her information depending on



her level of career concerns, and the decision maker retaining the expert if and only if her
recommendation is ex-post correct.

When we consider MU equilibria in which the unbiased expert misreports and the bi-
ased expert truthfully reveals her information, we find that they never improve sorting
relative to truthtelling equilibria. This is rather surprising because the reporting strategies
of MU equilibria would suggest a pattern of learning about ability and integrity, and hence
a sorting effect similar to the one we have in M B. Nevertheless, we find that misreport-
ing by the unbiased expert hampers the sorting effect because it diminishes the decision
maker’s chances of consulting an unbiased expert of high ability in the future. Therefore,
the sorting effect that comes from the unbiased expert’s intention of signaling her integrity
is not sufficient to offset the sorting effect associated with truthtelling that derives from
greater learning about ability. Indeed, in order for misreporting to have a positive effect
on welfare, untruthful behavior must be predominantly associated with the biased expert.
More specifically, we prove that the amount of lying of the unbiased expert must be strictly
greater than that of the biased expert, in order for MU equilibria to improve sorting.

Finally, we provide a mapping of all the equilibria that have the potential to improve
welfare based on the level of reputational concerns of the expert. We show that truthtelling
can be sustained only when the expert’s career concerns are sufficiently high. Moreover,
when career concerns are mild and truthtelling cannot be supported, there exist misre-
porting equilibria such as M B or MU, which have the potential to dominate truthtelling
in terms of welfare. This suggests that it may not always be optimal for a decision maker
to consult experts with high reputational concerns.

Our work builds on the existing literature that studies the effects of reputational con-
cerns within models of expertise. This literature has alternatively focused either on reputa-
tion for ability (Scharfstein and Stein, 1990; Trueman, 1994; Holmstrom, 1999; Ottaviani
and Sorensen, 2006; Bourjade and Jullien, 2011) or for preferences (Sobel, 1985; Benabou
and Laroque,1992; Morris, 2001; Ely and Valimaki, 2003). A contribution of the present



paper is to propose a model that incorporates both these sources of reputational concerns.
In this respect, our work is related to Daley and Gervais (2017) that also consider a setting
in which career concerns depend on two dimensions, namely skills and ethics While we
focus on comparing welfare across equilibria to determine how misreporting fares with re-
spect to truthful behavior, Daley and Gervais (2017) analyze the properties of the unique
inefficient equilibrium, that in their setting arises when ethics-related concerns are limited
with respect to skills-related concerns.

Considering the literature related to reputation for preferences, In particular, Morris
(2001) and Ely and Valimaki (2003) highlight how reputational concerns may be self-
defeating and therefore useless in aligning incentives. In both papers, reputational con-
cerns lead a good agent to engage in inefficient behavior for signaling purposes. In Morris
(2001), when reputational concerns are strong, information revelation completely breaks
down and babbling is the only equilibrium. Eli and Valimaki (2003) consider an infinite-
horizon principal-agent model, and show that principals anticipate the "bad reputation”
effect and hence never hire an agent, thereby leading to the loss of all surplus. Although
our focus is different because we concentrate on comparing the welfare properties of differ-
ent informative equilibria, our model provides some insight on these results. With respect
to Morris (2001), we show that as long as there is some uncertainty regarding ability, in-
formative equilibria always exist if experts’ reputational concerns are high. This suggests
that Morris’ result that reputational concerns can be self-defeating when they are too pro-
nounced crucially depends on the existence of a single dimension of uncertainty. Ely and
Valimaki (2003) derive their bad reputation result under the assumption that principals
are short-run players. In fact, they show that if principals are long-run players, the posi-
tive value of reputation can be restored, as principals can internalize the value of learning
about the type of the agent. Our model also exploits this learning feature, but in a cheap-
talk environment and relying on a finite horizon. We, therefore, focus on comparing which

of these two effects dominates in different circumstances.



Our paper is also related to Prat (2005), who studies welfare in a static model of
expertise in which the agent bears reputational concerns only for ability, and the principal
learns about the ability-type of the agent. We also analyze welfare, but we consider two
dimensions of uncertainty and endogenously derive the value of information in a two-
period model of reputational cheap talk, in the spirit of Li (2007) and Morris (2001). In
particular, while in Prat (2005) the discipline and sorting effects go in the same direction
(i.e., equilibria with better discipline also display better sorting), in our setting with two
dimensions of reputation, there may be a trade-off between the two.

Another strand of literature that is related to our work is the signaling literature that
considers agents that are heterogeneous on two dimensions (Austen-Smith and Fryer,
2005; Esteban and Ray, 2006; Bagwell, 2007; and Frankel and Kartik, 2016). In par-
ticular, there is a parallel between our analysis and that of Frankel and Kartik (2016).
They show that there is a trade-off between the information that can be revealed on each
of two dimensions of uncertainty when only one action is available. In this context, learn-
ing about one dimension versus the other depends on the cost of signaling, while in our
setting, it depends on the equilibrium communication strategy of the experts. A signifi-
cant difference with respect to this literature is that we incorporate learning about our two
dimensions of heterogeneity (i.e., ability and integrity) in an endogenous expression for
the value of information. This allows us to evaluate how learning about each dimension
affects the decision maker’s welfare.

The remainder of the paper is organized as follows. In Section 2, we introduce the
general setup of the model and present a preliminary equilibrium analysis. In Section 3, we
introduce the main elements of welfare analysis and illustrate how misreporting equilibria
necessarily involve more learning about integrity and less about ability with respect to
truthtelling. In Section 4, we characterize the informative equilibria in which the unbiased
expert reports truthfully and analyze the welfare properties of these equilibria to illustrate

our main results. Section 5 discusses informative equilibria in which the unbiased expert



lies. In Section 6, we present a mapping of all the equilibria that have the potential to
improve welfare which allows us to provide general welfare results. In Section 7, we

discuss the crucial role of reputation for ability, and Section 8 concludes.

2 The Model

There are two periods ¢ = 1, 2. In each period, a risk-neutral decision-maker (D M) has to
choose an action a; € {0,1} and receives a payoff R;(a;,z;) that depends on both a; and

the state of the world z; € {0, 1} as follows:

r ifa,=1x2=1
Ri(ag, ) = § —r ifa, = 1,2z, =0

0 ifat:().

where r > 0.

We assume that in each period, states x; = 0 and z; = 1 occur with equal probability,
and that states x; and z, are independently distributed.? At the moment of choosing ay,
DM does not observe the realization of z; but can consult an expert who has access to
a signal s; € (0,1) that is potentially informative about z;. The expert observes s, and
then reports a message m; € (0,1) to DM, and is paid a fixed fee w, for her services.
The assumption of a fixed fee reflects the contractual incompleteness that is typical of the
situations we are modelling, in which both the state of the world and the report of the
advisor are observable but not verifiable; thus, contracts cannot be written conditional on
reports or on the accuracy of reports.

We can think of DM ’s decision as the decision to invest (a; = 1) or not invest (a; = 0) in

a project or asset whose return is uncertain, and we can think of the expert as a consultant

2The assumption of a fair prior is not without a loss of generality. However, the results of the paper
hold whenever the prior on the state is not too extreme. A setting with a fair prior represents the situation
in which uncertainty about the state is highest, and it is thus more likely that DM seeks the advice of an
expert.



or a financial advisor. However, as we mentioned previously, the model is sufficiently
general to represent many situations that involve ongoing relationships between a decision
maker and an expert, such as those between patients and doctors, firms and consultants,
or politicians and policy advisors. Throughout the paper, we will alternately refer to some
of these examples to illustrate our findings.

We assume that there is a finite pool of risk-neutral experts and that DM can consult
only one expert per period. Experts differ in their preferences and in their ability. However,
DM observes neither the preferences nor the ability of an expert.

Expert’s ability. An expert can be either smart (S) or dumb (D). A smart expert
receives an informative signal, while a dumb expert receives an uninformative signal as

modelled by the following signal technology:

Pr(s; =z | 24, S) =p > Pr(s; = a4 | 2, D) = 1/2.

As it is customary in models of career concerns, we assume that an expert does not know
her own ability.> We denote o as the common prior about an expert being smart and
q = ap+ (1 — a)3 as the ex-ante expected precision of an expert’s signal.

Expert’s preferences. An expert can be either unbiased (U) or biased (B). While an
unbiased expert does not favor any particular action, a biased expert strictly prefers a; = 1.
We assume that an expert knows her own preferences and let v denote the common prior
about an expert being unbiased. In the remainder of the paper we will refer to the quality
of being unbiased as integrity. We also assume that there is no correlation between ability
and integrity, so that unbiased and biased experts have the same chances of being smart.

Payoffs and welfare. We model stage-payoffs as follows. A biased expert gets a stage-
payoff equal to w; + a;, where a, is assumed to be relation-specific. Namely, a biased expert

receives a, in period ¢ if and only if the expert has been hired by DM in period t.* An

3Given our signal structure, the assumption of a fair prior about the state of the world guarantees that an
expert does not learn anything about her own ability by observing her own signal.
4This is, for example, the case of a financial analyst who may obtain some side benefits if she persuades
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unbiased expert faces no conflict of interest and gets a stage-payoff equal to w;. Finally,
we assume that DM’s stage-payoff is equal to R;(a;,z;). This is equivalent to assuming
that while an expert seeks to maximize her monetary payoff, DM is only concerned about
choosing the best state-contingent action in each period. When we analyze welfare, we
thus focus exclusively on the decision maker’s utility.

We assume that agents may assign different weights to their stage-payoffs. We let
dr € (0,1) denote the weight that an expert assigns to her future payoff relative to her
current payoff. Thus, the total payoff of an unbiased expert and the total payoff of a

biased expert respectively read:

Iy = (1—-0g)w + dgwsy,

I = (1—96g)(wr+a1)+ dp(ws + ag).

Similarly, we let 0py, € (0,1) denote the weight that DM assigns to her future payoff

relative to her current payoff. Thus, DM'’s total payoff reads:

IIpy = (1 — 5DM)R1(CL1, 171) + 5DMR2(G27 .732).

Hence, in analyzing welfare, we will focus on the expected value of I1p,.

2.1 The Value Function and Reputational Concerns

We assume that at the end of the first period, state x; is publicly revealed and that DM
uses the realization (mq, z;) to update her prior beliefs about the ability and the integrity of
the incumbent expert. As we will formally see in the next section, these beliefs determine
the value of the incumbent’s information in the second period. Intuitively, the more the

incumbent expert is perceived to be unbiased and smart, the more useful her information

an investor who’s funds she is managing to make an investment, or of a doctor that receives a higher com-
pensation if she convinces a patient that she is treating to undergo surgery.
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is expected to be. We denote the value of the incumbent’s information in the second period
with V(m4, z1) and refer to it as the value function.

We introduce reputational concerns on the part of experts via two channels. First, we
assume that at the beginning of the second period, DM computes V(m4,z;) and decides
whether to retain the incumbent or replace her with a new expert. In this latter case, the
new expert is randomly selected from the original pool of experts. Hence, the value of the
information of a new expert is independent from what happened in the first period and
depends on the prior beliefs « and v. We will denote the value function of a new expert
with V. As we will see, DM will retain the incumbent whenever V' (m4,z;) > V. Second
we assume that the fee that is paid to the expert at the beginning of the second period, ws
is set equal to the value of the expert’s information in the second period. Hence, for the
incumbent expert, we have that w, = V(my, z;).>°

All this implies that the incumbent will be concerned about being perceived as smart
and unbiased for this maximizes V' (m,, x;), which in turn positively affects both her chances
of being retained and the fee she gets in case she is retained.

Before we move on to the equilibrium analysis, it is worth commenting on the specific
features of our setting, which combines a binary action with the reputational mechanism
described above. In terms of sorting, this structure allows the decision maker to fully ex-
ploit what she learns about the ability and the integrity of the incumbent at the end of
period ¢t = 1. Moreover, because our main focus is on welfare, adopting this structure sig-
nificantly reduces the computational complexity with respect to a model with continuous

actions.’

°Note that w; plays no role and could be set equal to zero, while the assumption ws = V (my, x1) is instru-
mental to generate reputational concerns that, conditional on the expert being retained, are continuously
increasing in DM’s belief that the expert is smart and unbiased.

%We make this simplifying assumption for the sake of exposition. Allowing the expert to receive only a
share of the expected value of her information does not affect the results.

’In terms of sorting, this structure makes the model qualitatively equivalent to the model with continuous
action and quadratic loss function adopted, for example, by Sobel (1985) and Morris (2001). In particular,
in both those settings, DM takes an action based on the expected correctness of the expert’s information,
which depends on the expert’s updated reputation. However, while in the continuous action model, sorting
involves choosing a continuous action that minimizes expected loss, in our setting, it involves replacing an
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2.2 Equilibrium Analysis: Preliminaries

We use the concept of perfect Bayesian equilibrium and focus on informative equilibria de-
fined as equilibria in which, in each period, the decision maker learns something decision-
relevant from the expert’s messages.

In this section, we provide a descriptive characterization of these equilibria, a formal
analysis of which is relegated to the Appendix. The first thing to observe is that in any
informative equilibrium, in each period, the expert’s message must reveal some infor-
mation about the state of the world.® This implies that in any informative equilibrium,
m; makes DM change her belief about z;.° Because in our setting R;(1,1) = —R;(1,0)
and Pr(z; = 1) = 3, it is then true that in any informative equilibrium, DM chooses

a¢(m;) = m;.19 With this in mind, we proceed by backward induction.

2.2.1 The Second Period

Reporting strategies and DM/’s action. An expert that is active in the second and last
period does not have reputational concerns. For an unbiased expert with no preferences in
favor of a particular action, any strategy is a continuation equilibrium. In line with the rest
of the literature on career concerns, we focus on the continuation equilibrium in which

an unbiased expert acts in the interest of DM and thus truthfully reveals her signal.!! In

incumbent.

8This result is implied by Lemma 5(i) in the Appendix. Intuitively, because in the second period, learning
about ability or integrity is no longer decision relevant for the future, any informative equilibrium must
involve DM learning something about 5. In the proof of Lemma 5(i) we further show that any equilibrium
strategy profile in which the expert does not reveal any information about x; must necessarily be a "babbling"
strategy, also implying that no learning occurs about either ability or integrity.

“Without loss of generality, we restrict attention to informative equilibria in which DM interprets message
1 to be (weakly) correlated with signal 1 and hence state 1.

10pyt differently, in this model if an equilibrium is informative, it is also persuasive. With discrete actions
and a prior that is not fair, an informative equilibrium may not be persuasive. For example, if either the prior
on the state is extreme or the return in one state is extreme, a message by the expert may induce DM to
revise her beliefs about the state. However, this revision may not be sufficient to induce DM to choose the
action recommended by the expert.

Note that this equilibrium is the most informative in the Blackwell sense, but it is not unique. Indeed,
any strategy profile that involves the unbiased expert revealing her signal with probability between 0 and 1
gives rise to an informative equilibrium that is obviously less informative than the one in which the unbiased
expert truthfully reveals her signal. As our analysis focuses on first-period behavior, selecting this most
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this equilibrium, messages contain some information about the state of the world. Hence,
DM chooses as(ms) = ms, and a biased expert reports my = 1 regardless of her signal to
induce action a, = 1.

The value function. Having pinned down the reporting strategies of biased and unbi-
ased experts in the second period, we can now easily derive the value function V (my, z1),
which represents the value of the incumbent’s information in the second period. Note that
this value is equal to the payoff that D) expects to attain in the second period thanks to
the information of the incumbent.

At the beginning of the second period, DM observes (m4,x;) and updates her beliefs
about the ability and the integrity of the incumbent. Since a biased expert always lies
in the second period and a dumb expert always receives uninformative signals, only an
expert that is both smart and unbiased adds value in the second period. Indeed, it is
straightforward to show that the equilibrium value of the incumbent’s information in the
second period reads:

r(2p—1)

Vi(my,x1) = E[Ra(az, x2) | my, x1] = 5

Pr(U, S | my,z1),

where Pr(U, S | mq,x;) is the joint probability that the incumbent expert is unbiased and
smart conditional on observing m; and z;, which can be interpreted as the reputation
acquired by the incumbent expert at the end of the first period for being both unbiased and
smart. In the reminder of the paper, we assume without loss of generality that r = ﬁ

and focus on the case in which:
V(my,x1) = Pr(U, S | mq, x1).

In this way, the value of the incumbent’s information in the second period coincides with

her posterior reputation for being unbiased and smart, which in turn reflects what DM

informative continuation equilibrium is without loss of generality.
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has learned about the the ability and the integrity of the incumbent after interacting with
her in the first period.
For the sake of the subsequent analysis, it is convenient to write the conditional proba-

bility Pr(U, S | my,x;) as follows:
Pr(U,S | my,z1) = Pr(U | mq, z1) Pr(S | Uymy, x1).
This allows us to work with the following expression of the value function:
V(my, 1) = 75(my, z1)a(U, my, 1), (1)

where 7(my,x1) = Pr(U | my,21) and a(U,my,x1) = Pr(S | U,my,2z1). Expression (1)
shows that V(my,z;) can be decomposed in two components, one reflecting DM’s pos-
terior belief about the about the unbiased expert’s ability and the other reflecting DM'’s
posterior belief about the expert’s integrity. As one would expect, V(my,z;) is strictly
increasing in both these posterior beliefs.

D M’s retaining strategy. At the beginning of the second period, DM chooses whether
to retain the incumbent or hire a new expert. Again, using the second-period equilibrium

strategies outlined at the beginning of this section and assuming r = (21%1, we obtain that

)
the value of the information of a new expert reads:

V = E[Rs(ag, x2)] = ya. (2)

Given the analysis above, it should be apparent that at the beginning of the second
period, DM retains the incumbent expert whenever V' (m4,z;) > V and replaces her with

a new expert otherwise. !

12Note that because both XA/(ml, x1) and V are strictly positive, DM always finds it optimal to consult an
expert in period 2.
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2.2.2 The First Period

We are now ready to analyze the reporting strategies of biased and unbiased experts in the
first period. In doing so, we assume that the continuation equilibrium described above is
played.

First, let us define function (m;, ;) as follows:

1ifV , >V
1(my, 1) = ) (3)

0 otherwise.

Then, for a biased expert with signal s;, the expected payoff of choosing message m; reads:
(1—=0g)[w +a(m)]+dg le Pr(zy | s1) [V(my, z1) + 1] o(my, x1). 4)

For an unbiased expert with signal s;, the expected payoff of choosing message m, reads:

(1—6g)w, + 05 Zml Pr(xy | 1) [V (my, z1)] 1(my, x1). (5)

Biased and unbiased experts will respectively choose m; to maximize expressions (4) and
(5). It is worth noticing that while m; affects both the current and the future payoff of a
biased expert, it only affects the future payoff of an unbiased expert. In other words, while
a biased expert has both current and reputational incentives, an unbiased expert only has
reputational concerns.

It turns out that a multitude of informative first-period reporting strategies are con-
sistent with the continuation equilibrium outlined in the previous subsection. In what
follows, we use the expression truthtelling equilibrium (or simply truthtelling) to denote an
equilibrium in which both biased and unbiased experts truthfully reveal their signals in the
first period; we instead use the expression informative misreporting equilibrium (or simply

misreporting equilibrium) to denote an equilibrium in which experts’ signals are partially
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disclosed in the first period.

As we are interested in analyzing whether misreporting equilibria have the potential to
increase welfare with respect to truthtelling, it is convenient to introduce the basic tools of
the welfare analysis at this stage, and then proceed with the characterization of the various
informative equilibria. In doing so, we are implicitly assuming that both truthtelling and
informative misreporting equilibria exist. We indeed show that this is true in Sections 4

and 5.

3 Welfare: Discipline versus Sorting

As mentioned in Section 2, we focus on the decision maker’s welfare and thus on the

ex-ante expected payoff of DM in a given equilibrium o, defined as follows:!3
E¢ Mpy] = (1 = 6par) Eg [Ri(ar, 21)] + dpaEg [Ra(az, z2)] - (6)

As a first step towards analyzing welfare, it is useful to identify two distinct effects that
emerge in equilibrium, namely the discipline and sorting effects. The discipline effect arises
in the first period, when reputational concerns induce an expert to reveal some of her infor-
mation about the state of the world. The sorting effect arises at the end of the first period,
when DM learns something about the incumbent’s ability and integrity after observing
my and x;. While the discipline effect positively affects the expected payoff of the first
period decision (i.e., E§ [R;(a1, x1)]), the sorting effect positively affects the expected pay-
off of the second period decision (i.e., EJ [Ra(as, x2)]). A truthtelling equilibrium always
involves greater discipline and thus a higher expected utility of current decisions than any
other misreporting equilibrium. However, when we compare a misreporting equilibrium

with a truthtelling equilibrium in terms of how much the decision maker learns about the

3Throughout the paper, equilibrium values in a particular equilibrium will be denoted with a superscript
representing the name of that particular equilibrium.
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incumbent expert, results are not so straightforward.

Let M E denote an informative misreporting equilibrium and 7'T" denote a truthtelling
equilibrium. We then say that a given equilibrium M F improves sorting with respect to
TT if and only if E}F [Ry(ag, z2)] > EZT [Ra(as, x2)]. To analyze under what conditions
this inequality is satisfied, it is useful to introduce two distinct measures of learning about

~(my,z1) and a(U, my, x1), i.e., about the two components that determine V' (m;, z1).

Definition 1 Welet |7 (my,x1) — | and |a° (U, my, x1) — o respectively measure the amount
of learning about integrity conditional on (m; 1) and the amount of learning about ability

conditional on (U, my, z1) in a putative equilibrium o.

The following proposition then establishes a general property of informative misreport-

ing equilibria that suggests that lies may have a positive effect.

Proposition 1 () [7"7(my,z1) — 7| > |77 (m1, 21) — 7| = 0 for every (my,z1);

(ii) }&ME(U,ml,xl)—a‘ < ‘&TT(U,ml,ml)—a

, with equality for every (mq,x1) if U
truthfully reports her information, and strict inequality for at least one realization of (my, 1)

if U does not truthfully report her information. {Proof in the Appendix}.

In other words, proposition 1 suggests that relative to truthtelling, all informative mis-
reporting equilibria lead to more learning about integrity and weakly less learning about
ability. To see this, note that a biased expert has the same probability that an unbiased ex-
pert has of receiving any given signal. Because biased and unbiased experts use the same
reporting strategy in a truthtelling equilibrium, any given message is as likely to come from
one type or the other. Therefore, messages are completely uninformative about integrity.
On the contrary, informative misreporting equilibria are characterized by biased and un-
biased experts using different reporting strategies. This implies that, in equilibrium, each
message is sent more frequently by one type of expert or the other. Hence, the message in

itself allows DM to learn something about the expert’s integrity. For example, if a biased
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doctor recommends surgery more often than an unbiased doctor, receiving a surgery rec-
ommendation will rationally lead the patient to believe that the doctor is more likely to be
biased than when she is prescribed a more conservative treatment.

As for ability, our relevant measure of learning is conditional on what the unbiased
expert does in equilibrium. Note that in a truthtelling equilibrium, observing the recom-
mendation of an unbiased expert is equivalent to observing her information. Hence, the
decision maker is in the best position to evaluate the quality of the expert’s signals. This

is also the case in all those misreporting equilibria in which the unbiased expert tells the

ME( TT(

truth, implying that in these cases a™ “ (U, my,x1) = @ * (U, my,z1). On the other hand,
whenever we are in a misreporting equilibrium in which the unbiased expert misreports,
at least some of her messages do not fully reflect her information. Hence, in this case
inference about the ability of the unbiased expert is less sharp than in 77 for at least some
realizations (mq, x1).

Having established that informative misreporting equilibria lead to more learning about
preferences does not imply that these equilibria will necessarily lead to better expected
decisions in the future (i.e., to better sorting) than truthtelling. Considering the expression
for V(mq,z,) given by (1), the value of the expert’s information in the second period
depends on both ability and integrity. To clarify, and continuing with the patient-doctor
example, if a patient learns that a doctor is unbiased without learning enough about the
unbiased doctor’s ability, it is not obvious that the patient will receive more informed
medical advice in the future.

In the following sections, we show that there are several cases in which informative
misreporting equilibria actually lead to better sorting than truthtelling. Considering the
expression for E [I1p),] given by (6), it then becomes clear that a misreporting equilibrium
with better sorting has the potential to dominate truthtelling. Whether this occurs or

not depends on DM'’s preferences for the future versus the present as established in the

following lemma.
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Lemma 1 For any informative misreporting equilibrium that improves sorting with respect
to truthtelling, there always exists a 67,,, € (0,1), such that the misreporting equilibrium
increases (decreases) DM's ex-ante expected utility with respect to truthtelling if Spyr > dp

(6DM < 5*DM)

Proof. For any putative informative misreporting equilibrium M E and truthtelling equi-
librium 7T, EY*® [Ry(ay,z1)] < EIT [Ry(ay,z1)]. If ME improves sorting, we have that
EME [Ry(ag, 19)] > EIT [Ry(as, x2)]. As ES(Ilpys) is monotonic in §p)yy, this completes the
proof. m

We are now ready to complete the analysis of Section 2 and characterize the informative
equilibria of our game. This amounts to characterizing the first-period reporting strategies
of biased and unbiased experts.

For the sake of exposition, we divide informative equilibria into two main classes: 1)
equilibria in which the unbiased expert truthfully reports her signals in the first period;
and ii) equilibria in which the unbiased expert misreports. In Section 4, we begin by
analyzing the first class of equilibria. We then focus on the second class of equilibria in
Section 5. For each misreporting equilibrium that we identify, we compare how it fares in

terms of welfare with respect to truthtelling.

4 Truthful Reporting by the Unbiased Expert

In this section, we consider informative equilibria in which the unbiased type reports truth-
fully. This allows us to show the existence of truthtelling equilibria and then illustrate the
main results of the paper. The following proposition characterizes this class of informative

equilibria by dividing them into two subclasses which we label 7" and M B.

Proposition 2 Each equilibrium in which U truthfully reports her signals belongs to one of
the following two subclasses:

i) Truthtelling (1'T), in which B truthfully reports her signals;
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ii) Misreporting Biased (M B), in which B reports signal s; = 1 truthfully, and signal
s1 = 0 with probability Ao € (0,1).
In both subclasses, DM retains the incumbent expert if and only if m; = x;.

{Proof in the Appendix}.

To gather a better understanding of how each of these equilibria arises, first consider
TT. We already know by Proposition 1 that in a truthtelling equilibrium messages are not

informative about integrity, that is:

A1 (ma, a4) =y for all (my, 21),

Concerning beliefs @’ (U, m1, ), it is straightforward to show that:

a=a""(U1,00=a""(U,0,1) <a<a™(U1,1) =a""(U,0,0) = a,

where a = a(%q”) and a@ = %. Hence, correct (incorrect) messages cause DM’s belief
about ability to increase above (decrease below) the prior a.
It is then immediate to verify that:
)

V=VT(1,0)=V"(0,1) <V <VIT(1,1) = VTT(0,0) =V, 7

where V = %;p) and V = e,

Expression (7) implies that in a 77" equilibrium, DM retains the incumbent if she
makes a correct recommendation and replaces her if she makes a mistake. Because sig-
nals are on average informative, truthfully reporting a signal maximizes the chances of
providing a correct recommendation and hence being retained. For this reason, for an un-
biased expert who is solely concerned about the impact of m; on her continuation payoff,

always reporting m; = s; is consistent with the equilibrium. The same incentive applies

to a biased expert if she is more concerned about her continuation payoff than her current
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payoff, that is, if d g is sufficiently large. In the appendix, we show that there always exists
a scalar 05" € (0,1) such that if 6z > 05", then a biased expert always reports truthfully.
Thus, a T'T equilibrium exists if and only if a biased expert is sufficiently concerned about
her career prospects.

It is worth noticing that a 77" equilibrium could never be supported if reputational
concerns were only related to preferences, as in Morris (2001). It is the presence of a
second dimension of uncertainty about the characteristics of the expert (i.e., ability) that
creates the right incentives to fully reveal information about the state of the world.!*

When 6 < §', the career concerns of a biased expert are not sufficiently high to
induce her to truthfully report all her signals. In particular, a biased expert will be tempted
to lie when receiving s; = 0. However, as we formally show in the appendix, there always
exists a scalar 07 ” € (0,03") such that if §;/” < §p < d;" (i.e., for intermediate values of
career concerns) the M B equilibria described in proposition 2 can be supported.

To understand how M B equilibria arise, let us note that, given the reporting strategies
of biased and unbiased experts in M B, observing m; = 0 (m; = 1) signals that the expert
is likely to be unbiased (biased). In particular, it is easy to verify that the beliefs about

integrity satisfy:
AME(1,0) < 3MP(1,1) < v <3MP(0,1) =7(0,0)M5, (8)
Since U truthtells in M B, beliefs " ” (U, m,, x,) follow the same pattern as in 77"
a=a"?U,0,1) =a"?U,1,0) < a <a™P(U,1,1) = a"P(U,0,0) = @. )

The chains of inequalities described by (8) and (9) immediately imply that VM5(1,0) <
V < VMB(0,0), leading the decision maker to retain an incumbent that provides a correct

evaluation when sending m; = 0, and replacing one that provides an incorrect one when

14Section 7 explores this issue in further detail.
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reporting m; = 1. However, establishing whether V*#(0, 1) and VM5(1, 1) are greater than
or less than V' depends on the degree of misreporting. Indeed, as Ap o decreases and B lies
more frequently, the power of message m; = 0 (m; = 1) to signal that the expert is likely
to be unbiased (biased) increases, and hence QM B (0, z1) increases (?M B (1, ;) decreases).
At the same time, a"'”(U,m4, z;) does not change since it depends only on the reporting
strategy of U. As long as Ap is not too small (i.e., if B does not lie too frequently), both
7M5(1,1) and 7%(0, 1) remain close enough to the prior v and the following inequalities

hold true:

VMB(1,0) < VMB(0,1) < V < VMB(1,1) < VMB(0,0). (10)

When the above inequalities are satisfied, DM finds it optimal to retain the incumbent
after a correct message and replace her after an incorrect one, exactly as in 7'T" equilibria.

It is worth stressing that this is the only possible strategy of the decision maker that
is consistent with M B equilibria. Indeed, if both 5*7(1,1) and 7”(0,1) moved farther
away from the prior v as result of Az, becoming too small (i.e., as a result of B lying
too frequently), we would have that VM5(1,1) < V < V*5(0,1), and it would never
be optimal for DM to retain the incumbent after receiving m; = 1.} Thus, the unbiased
expert would never send m; = 1, therefore deviating from her prescribed truthtelling
strategy.

Finally, to see that B retains an incentive to sometimes truthfully report signal s; = 0
despite her career concerns being smaller than in 77T (i.e., for 6z < %), note that (8) and
(9) imply that V™5(0,0) > VT7(0,0) = VTT(1,1) > VMB(1,1) > V. Hence, since DM
retains the incumbent expert after a correct message and replaces her after an incorrect
one, the biased expert obtains a larger reward for truthfully reporting s; = 0 in M B than

inTT.

5Notice that the result that DM'’s strategy is unique relies on the observation that V*5(1,1) and
VMB((, 1) can never both be above or below V at the same time. This follows from the proof of proposition
2 in the appendix, in which we show that there exists a unique value of Ap o for which both expressions are
equal to V.
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4.1 Can Misreporting Be Preferred to Truthtelling?

We now compare how M B equilibria fare in terms of welfare with respect to 7'T" equilibria.
A direct implication of Proposition 1 is that there is strictly more learning in M B with
respect to 7'T'. Indeed, notice that since M B equilibria involve misreporting only on behalf
of biased experts, in this case, misreporting leads to more learning about integrity and
the same amount of learning about ability with respect to truthtelling. The following

proposition is a direct consequence of this observation.
Proposition 3 M B always improves sorting with respect to T'T. {Proof in the Appendix}.

To gather further intuition for this result, let Pr(m4, z; | o) denote the ex-ante probabil-
ity that realization (my, z) is observed given that equilibrium o is played. Then, consider
the following expressions representing the ex-ante second-period expected payoffs in M B

and T'T respectively:

EMB [Ry(ag,x0)] = Pr(1,1|MB)VME(1,1) + Pr(0,0|M B)VE(0,0) (11)

+Pr(0,1|M B)V + Pr(0,1|MB)V,

EIT [Ry(ag,3)] = Pr(1,1|TT)V + Pr(0,0|TT)V (12)

+Pr(1,0[TT)V + Pr(0, 1|TT)V.

Proposition 3 states that E) 2 [Ry(ag, 22)] — ELT [Ry(as, 72)] is always strictly positive. Note
that this difference can be decomposed into two components. First, consider the difference
between the bites of (11) and (12) that refer to the events in which the expert makes a

mistake and hence is fired (i.e., events in which m; # z;). We denote this value as the

24



replacement component, which can be written as follows:

Pr(1,0/MB)V + Pr(0,1|M B)V — [Pr(1,0|TT)V + Pr(0,1|TT)V] = 13
= [Pr(my # z1, BIM B) — Pr(my # x, B|TT)|V > 0.
Expression (13) highlights that the replacement component is always positive. This oc-
curs because the probability of replacing an unbiased expert is the same in both equilibria
because the unbiased expert follows the same strategy in both equilibria; while the prob-
ability of correctly replacing a biased expert is strictly higher in M B than in T'T, because
in M B the biased expert misreports with positive probability and hence her chances of
making a mistake are larger than in 77
Now, consider the difference between the bites of (11) and (12) that refer to the events
in which the expert provides a correct recommendation (i.e., events in which m; = z1).

We denote this value as the continuation component, which reads:

Pr(1,1|MB)VMB(1,1) + Pr(0,0|M B)VME(0,0)+
—Pr(1, TT)VTT(1,1) + Pr(0,0|/TT)VTT(0,0).

~vPr(m1,21|U,0)
Pr(mi,z1|0)

Now recall that V7 (my, z1) =77 (mq, z1)a’ (U, my, 1), and note that ¥ (my, z1) =
and a’(U,1,1) = a’(U,0,0) = @ for 0 € {TT, M B}. Hence, the continuation component
can equivalently be written as follows:
[Pr(1,1|U, M B) + Pr(0,0|U, M B)] va+ an
— [Pr(1,1|U, TT) + Pr(0,0|U, TT)] va = 0,
where the equality follows from the fact that, since U truthtells in M B, Pr(my, z1|U, M B) =
Pr(my, z1|U, TT).
Therefore, the fact that there is altogether more learning in M B with respect to T'T

implies that misreporting increases the chances of correctly replacing biased experts with
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respect to truthtelling (replacement component), without affecting the expected value of
the information of incumbents that are retained (continuation component). Thus, Propo-
sition 3 suggests that it may not always be the case that 7T is the welfare maximizing
equilibrium. While 7T allows for a higher expected utility of current decisions (discipline
effect), M B leads to better expected decisions in the future thanks to a stronger sorting
effect. As mentioned in Lemma 1, if DM is sufficiently concerned about future decisions,

then M B may indeed improve welfare with respect to 7'T'.

5 Misreporting by the Unbiased Expert

So far we have restricted our analysis to the class of equilibria in which an unbiased expert
truthfully reports all her signals. However, there also exist equilibria in which the unbiased
expert misreports. These equilibria have the flavor of the political correctness equilibria
described by Morris (2001), since the unbiased expert lies and sends a specific message
more often than the biased expert to signal her type to the decision maker. The following

proposition characterizes this class of informative equilibria.

Proposition 4 Each equilibrium in which U misreports, which we denote Misreporting Unbi-
ased (MU), has the following properties:

i) U partially reveals one signal and truthfully reports the other signal; ii) B always
truthfully reports s; = 1 and reports s; = 0 with probability A\g, < 1; in all cases B reports
the message that is falsely reported by U less often than U does; iii) DM retains the incumbent

if and only if m; = x1. {Proof in the Appendix}

Notice that misreporting a signal implies sending a message that is likely to be incorrect
ex-post. Hence, lying is likely to negatively affect DM'’s beliefs about the ability of the
unbiased expert and thus the expert’s expected payoff. Therefore, the only reason for the

unbiased expert to lie is that the message that is falsely reported by U is sent more often by
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U than by B, so that such a message "signals" that the sender is more likely to be unbiased,
therefore compensating for the loss in reputation for ability.

Note that we can group equilibria in which U misreports into two broad classes: Equi-
libria in which U partially reveals s; = 1 and truthfully reveals s; = 0; and those in which
U truthfully reveals s; = 1 and partially reveals s; = 0.1° For an intuition of the underlying
forces at play, let us focus on the former equilibria.!”

For the sake of exposition, let us consider the case in which B truthtells (i.e. Ago = 1)
and let us denote with \;; the probability with which U partially report s; = 1. In these
equilibria, message m; = 0 (m; = 1) signals that the incumbent is likely to be unbiased.

In particular, it can be verified that:

FIV(1,1) = 3M7(1,0) < v < 7M(0,0) < 7V (0, 1). (15)

Note that as Ay ; decreases and U lies more frequently, the power of message m; = 0
(m; = 1) to signal that the expert is likely to be unbiased (biased) increases, and hence
WM U(O, x1) increases @M U(l, x1) decreases). At the same time, one can show that beliefs

aMY (U, my, x,) satisfy the following pattern:

a=a""U,1,0) <a""(U,0,1) < a <a™v(U,0,0) < 2"V (U,1,1) =a.  (16)

Hence, as one would expect, a™" (U, my,z,) increases above its prior « when the mes-

sage is correct, and decreases below a when the message is incorrect. However, the in-

16Notice that MU equilibria in which U partially reveals s; = 0 and truthfully reveals s; = 1 are charac-
terized by the fact that observing m; = 1 results in a positive update on integrity. To support these equilibria,
B’s strategy must be such that if she misreports s; = 0, she must do so with lower probability than U so that
my = 1 is eventually sent more often by U than by B. One may wonder how it can be that in equilibrium,
B sends her favorite message less often than U. In our setting, this can occur because the bias is "relation
specific". This implies that B benefits from DM choosing a, = 1 if and only if B has been retained by DM.
Since in these equilibria the expert is retained if and only if m; = z;, B has some incentive to report m; = 0
after observing s; = 0 because doing so maximizes the probability that the message is ex-post correct.

17A similar reasoning applies when considering MU equilibria in which U truthfully reveals s; = 1 and
partially reveals s; = 0.
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ference that DM makes about the ability of U conditional on observing m; = 0 is now
hindered by the fact that U sometimes falsely reports message m; = 0, which explains
why a"Y(U,0,0) < a™"(U,1,1) and a"Y(U,1,0) < a"Y(U,0,1). In particular, as Ay,
decreases and U lies more frequently, both a"¥(U,0, 1) and a"'¥ (U, 0,0) tend to a. Con-
versely, as Ay, increases and U lies less frequently, a"'"(U,0,1) and a"Y (U, 0,0) tend to
o and @ respectively. Figure 1 provides a visual representation of how 3"Y(0, z;) and
aMU(U, my, x1) vary with A\y;.

Insert Figure 1

While (15) and (16) immediately imply that VMY (1,0) < V < VMY(0,0), the dis-
cussion above serves to illustrate that when Ay ; is sufficiently high, it is also true that
VMU(0,1) < V < VMU(1,1). Hence, when )\, is sufficiently high, DM finds it optimal to
retain the incumbent after a correct message and replace her after an incorrect one.!8 To
conclude it should be noted that as we saw for 7’7, in order to induce the biased expert to

report her signals truthfully, career concerns represented by J; must be sufficiently high.

5.1 Equilibria in which an Unbiased Expert Lies that May Be Preferred

to Truthtelling

Having shown that equilibria in which an unbiased expert lies exist, a natural question is
whether they have the potential to improve sorting and hence the expected utility of DM
with respect to truthtelling. From Proposition 1 we know that unlike M B, MU equilibria
are not clearly superior to truthtelling in terms learning, since misreporting by the unbi-
ased expert leads to more learning on integrity and less on ability. In particular, we show
that while misreporting has a positive effect on the chances of correctly replacing a biased

expert, lying by the unbiased expert leads to a drop in the chances of correctly retaining

18As we formally show in the proof of Proposition 4, this is the only DM strategy that is consistent with
an equilibrium in which U lies. The logic of the proof follows a similar arguement as the one illustrated in
Section 4 to describe the existence of M B equilibria.
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an unbiased expert of high ability in the second period. The following proposition states
that for the former positive effect to prevail over the latter negative one, U must lie strictly

less than B 12

Proposition 5 The only MU equilibria that can improve sorting with respect to TT (that
we denote MU*) are characterized by: (i) B truthfully reporting s; = 0 with probability
Ao € (0,1); and (i) U truthfully reporting s; = 1 with probability Ay1 € (Apo,1). {Proof
in the Appendix}.

In order to gather a deeper intuition for this result, we can break up the net welfare
gain of MU with respect to T'T into the usual two components, namely the bite that
refers to the events in which the expert makes a mistake and is fired (i.e., the replacement

component):
[Pr(my # x1 | MU) — Pr(my # 2, | TT)|V =

= ya(2¢ — 1)1 =) (1 = Ago) — (1 = Ag1)] > 0,

(17)

and the bite that refers to the events in which the expert provides a correct recommenda-

tion and is retained (i.e., the continuation component):

Pr(1,1 | U, MU)ya + Pr(0,0 | U, MU)yaLow+
—Pr(1,1 | U, TT)ya — Pr(0,0 | U, TT)vya = (18)

= 3711 = 26 )((1 = arow — ¢@) + g(aLow — @)] < 0

where ar,, = oMY(U,0,0) < @.

First, notice that the replacement component (17) is always positive. This is so be-
cause the probability of observing realizations (m4, z;) after which the incumbent expert
is replaced is larger in MU than in T7. The decision maker is therefore more likely to
fire the incumbent expert in the former rather than in the latter equilibrium. In particu-

lar, note that the term in square brackets, (1 — ) (1 — Apo) — 7(1 — Ag,1) represents the

19As explained intuitively in footnote (16) and shown formally in the appendix, MU equilibria in which
U misreports s; = 0 and truthfully reports s; = 1 necessarily require that U lies strictly more than B.
Therefore, these MU equilibrium can never improve sorting over truthtelling.
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increase in the probability of firing a biased and unbiased expert respectively. This is due
to the fact that in MU both types of experts misreport with a positive probability which
makes the probability of making a mistake and hence being fired larger than in 77. It
may seem counter-intuitive that welfare is increasing in the chances of firing an unbiased
expert. However, this makes sense if we recall that what matters to the decision maker is
that an expert be both unbiased and smart. If an unbiased expert is fired in equilibrium,
it is exactly because there has been a drop in the belief that she is also smart, so that her
likelihood of being both unbiased and smart has fallen below that of a new expert.

Second, note that the continuation component (18) is always negative. This can be
easily seen by observing that «y,,, < @ and % < g < 1, and there are two reasons why this
is the case. The first one is that, relative to 7T, there is drop in the chances of retaining an
unbiased expert of high ability. That is, Pr(1,1 | U, MU) < Pr(1,1 | U,TT) due to the fact
that the unbiased expert’s lying implies that realization (my,z;) = (1, 1) occurs less often
than in 77. The second reason is that following the realization that is more likely to occur
in MU than in T'T (i.e., (0,0)), the posterior on the unbiased expert’s ability is lower than
inTT.

Finally, notice that as A\, increases while Az, < 1, the replacement component re-
mains strictly positive while the negative continuation component shrinks to zero. To see
this latter effect, simply observe that as A\ ; tends to 1, an MU equilibrium tends towards
an M B equilibrium, and we know from section 4.1 that for M B equilibria the continu-
ation component is equal to zero. This implies that as A\s; increases, there is a point in
which the positive sorting due to the replacement component dominates the negative one

resulting from the continuation component.
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6 A Mapping of Equilibria and Welfare Implications

To provide a more complete picture of our results, it is useful to focus on the equilibria that
have the potential to maximize welfare (i.e., 77", M B and M U*). In particular, Proposition
6 provides a mapping of these equilibria with respect to the career concerns of the experts

represented by parameter Jg.

Proposition 6 There exist 6,6z € (0,1) with §,; < 6 such that:

a) For 65 € (8p,05), there always exists a non-empty set of informative equilibria that
includes at least M B or M U* but does not include T'T;

b) For 6y € (0p, 1), there always exists a non-empty set of informative equilibria that
includes T'T but does not include M B and MU*

{Proof in the Appendix}.

Although equilibrium multiplicity does not allow us to uniquely establish which equi-
librium will be played, the welfare maximizing equilibrium represents the best possible
outcome attainable for a given range of values of §z. In particular, the following general
welfare results apply. When 0 is sufficiently high, 7T exists and is welfare maximizing
with respect to the other informative equilibria that exist for these high values of career
concerns. However, when experts do not care enough about future payoffs, truthtelling
breaks down, but there always exist other equilibria that involve some degree of misre-
porting (either M B or MU*) that may generate higher levels of welfare with respect to

truthtelling.

7 Discussion: The Role of Reputation for Ability

As a final result, it is worth noting that informative equilibria would not exist if reputa-
tional concerns were only related to preferences. It is the fact that reputational concerns

encompass two dimensions that creates the right incentives for information revelation. To
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see this, assume that o = 1, which implies that there is no uncertainty on ability, and con-
sider a putative informative equilibrium in which the unbiased expert is at least partially
revealing her information. This cannot be an equilibrium, since U has a strict incentive
to deviate by always sending the message that the biased expert sends less frequently to
signal that she is unbiased. This is so precisely because there is no reputational reward
of providing a correct evaluation. Thus, babbling is the only equilibrium if there is no
uncertainty about ability.

This result provides further insight on Morris’s (2001) result that reputation can be
self-defeating, implying that for high enough reputational concerns of the unbiased ex-
pert, information revelation breaks down. Notice, indeed, that our setup is equivalent
to assuming that U’s reputational concerns are maximum, for the unbiased expert is not
concerned at all about current decisions. When we set a = 1, as prescribed by Morris,
reputational concerns are, in fact, self-defeating. However, our model illustrates that al-
lowing for uncertainty about ability restores the positive value of reputation. Indeed, we
find that as long as reputational concerns for ability are present, informative equilibria
always exist (for sufficiently high reputational concerns of the biased expert) even when

the reputational concerns of the unbiased advisor are greatest.

8 Conclusion

Decision makers often seek the advice of experts before making a decision. The presump-
tion is that an expert has access to valuable information (not available to the decision
maker) that is relevant for making correct decisions and that the expert will truthfully re-
port such information to the decision maker. In fact, experts may differ in their abilities to
retrieve accurate information and may well have objectives that are not necessarily aligned
with those of decision makers.

In the present paper, we analyzed a model of cheap talk where the credibility of the ex-
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pert’s advice hinges upon the decision maker’s beliefs about how unbiased and competent
the expert is. When the expert and the decision maker interact repeatedly, the expert can
use present interaction to affect the beliefs of the decision maker and establish a reputation
for being unbiased and competent, thereby increasing the credibility of her future advice.

We show that these reputational concerns on the part of the expert may suffice to
achieve truthtelling. However, truthtelling may not necessarily be the outcome preferred
by the decision maker. In particular, we highlight the existence of a trade-off between
how much the decision maker learns about the expert’s ability versus her integrity (i.e.,
her bias). In particular, with respect to truthtelling, misreporting equilibria lead to more
learning about integrity and possibly less about ability. In a dynamic setting in which a
decision maker has to make current and future decisions, this trade-off plays an important
role. The decision maker may in fact prefer to give up some information on the current
state of the world and learn less about the advisor’s skills, if learning more about her

preferences allows the decision maker to make better decisions in the future.
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Figure 1: Beliefs a(U, my, x1) and v(m4, z1) as a function of U”s probability of truthfully

reporting signal s; = 1.
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A Appendix

A.1 Notation and Terminology

a) i = U, B denotes the preference type of an expert, i.e., unbiased (U) and biased (B).
b) \; s, denotes the probability with which type i reports signal s, truthfully. That is,
Nisy = Pr(my = s1 | s1,1).
¢) The expression expert ¢ misreports signal s; denotes the case in which ), 5, < 1;
d) The expression expert i partially reports signal s; denotes the case in which 0 <
Ais, < 1;
e) The expression expert i truthfully reports signal s; denotes the case in which \; ;, = 1.
f) The expression misreporting equilibrium denotes an equilibrium in which there exists

ani = U, B and a signal s; = 0,1 such that 0 < \;,, < 1.

A.2 Characterization of Informative Equilibria

In this section, we characterize the informative equilibria of the game described in Section
2. The game can be solved by backward induction. Without loss of generality, we restrict
attention to informative equilibria in which DM interprets message 1 to be (weakly) cor-
related with signal 1 and hence state 1. We begin by establishing a lemma that will make

it easier to analyze the whole game.

Lemma 2 In any equilibrium in which m, reveals some information about x;, DM chooses

Qy (mt) = My.

Proof. If m, is informative about z;, then Pr(z; =1 | m; = 0) < Pr(z; = 1) < Pr(z; =1 |
my = 1) Since Rt(l, ].) = —Rt(l,O) and Pr(xt = ].) = %, then £ [Rt(at = 1,[Et) | my = 1] >
FE [Rt(at = 0,1’,5) ‘ my = 1] and F [Rt(at = O,xt) ’ my = 0] > E[Rt(at = 1,£Ut> | my = O}. |

We now proceed by backward induction.
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A.2.1 Second Period

Lemma 3 and Lemma 4 below characterize the most informative equilibrium of the second

period of the game.

Lemma 3 In the most informative continuation equilibrium of the second period: i) B sends

mgy = 1 irrespective of so; ii) U reports truthfully.

Proof. In the last period, the expert will not be concerned about her reputation. Thus the
biased expert will always claim to have observed signal 1 in order to induce DM to choose
action 1. For an unbiased expert with no explicit preferences in favor of a particular action,
any strategy is a continuation equilibrium. Without loss of generality we focus on the most
informative continuation equilibrium in which the unbiased expert acts in the interest of
the DM and truthfully reveals her signal. =

Let V = E [Ray(ag, z2)] and V(my, 1) = E [Ra(ag, x2) | my, 21].

Lemma 4 At the beginning of the second period, DM retains the incumbent if and only if

V(my,x1) >V and hires a new expert otherwise.

Proof. Given lemma 3, it is straightforward to show that:

V =1a,

V(m17 xl) - /’}\/(mh .Tl)a(U, my, x1)~

Note that both V' (my,z;) and V are strictly positive. Thus, DM always finds it optimal
to consult an expert in period 2. In particular, DM retains the incumbent whenever
V(my,x1) >V and fires her otherwise. m

It is immediate to verify that V' (0,x;) and V' (1,x;) are respectively strictly decreasing
and strictly increasing in A\p o for any z; = 0, 1; and that V/(0, 1) and V (1, 1) are respectively

strictly decreasing and strictly increasing in Ay ;.
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A.2.2 First Period

Assuming that experts and decision makers behave as described by Lemmas 2-4, the con-
tinuation payoff of a biased expert at the end of the first period (i.e., when realization

(m1,x1) has been observed) can be written as [V (my, z1) + 1] 1(my, x1), where:

1if V(ml,xl) > ‘/,

oy, 7) =
0 otherwise.

Similarly, the continuation payoff of an unbiased expert can be written as V' (my, z1)1(m1, x1).
Hence, for a biased expert who observes signal s, the expected continuation payoff of

choosing message m; reads:

map(my,s1) = Pr(ay | s1) [V(ma,21) + 1 o(my, 21),

1

Similarly, for an unbiased expert who observes s;, the expected continuation payoff of

choosing message m; reads:

To,u(my, $1) = le Pr(zy | s1) [V(my, z1)]2(my, 21),

Having determined the continuation payoffs, we can write the conditions under which
each type of expert has a weak incentive to truthfully reveal a given signal s; in the first

period. For a biased expert, these conditions read:

(5E7T27B<O,O> — (1 — (SE) — 6E‘7T2’B(170) 2 0 ifSl = 0, (19)

(1 — (SE) + 5E7TQ,B(17 1) — 5E77'2,B(07 1) Z 0 lf S1 = 1, (20)
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For an unbiased expert instead, we have:

7T2,U(070) — 7T27U(1,0) Z 0 if S1 = O, (21)

7T2,U(17 1) - 7T2,U(0> 1) > 0 lf S1 = 1, (22)

We now establish the following lemma that states the properties that an informative

equilibrium cannot have.

Lemma 5 An informative equilibrium never satisfies any of the following properties:
i) m; does not reveal information on the state of the world x;.
ii) U always sends either m; = 1 or my = 0 regardless of the signal received.
iii) For some i = U, B, \; 5, € (0,1) for every s; =0, 1.
v) Ag1 € [0,1) and Ay € (0,1].

Proof. i) We need to show that in an informative equilibrium m; necessarily reveals some
information about x; for any ¢ = 1,2. In the second period, the only type of information
that is decision relevant is that about z,. Hence, if m, did not reveal any information
about x, then the equilibrium could not be informative. In the first period, if m; did not
reveal information about x1, the equilibrium could still be informative so long as DM could
learn something about either the ability or the integrity of the expert. Note that if m; is
uninformative about xy, it is because the expert is sending a message that is independent
from her signal. This implies that DM cannot not learn anything about the ability of
the expert. Can DM learn something about the integrity of the expert when messages are
uncorrelated to signals and thus do not reveal information about either x; or ability? There
are two cases to consider: a) Both U and B follow the same reporting strategy; b) U and B
follow different reporting strategies. In the first case, DM obviously learns nothing about
integrity, messages are meaningless and the only equilibrium that satisfies these properties
is babbling. Hence in this case no decision-relevant learning takes place in period 1. In the

second case, there must be a message that is sent more often by U and another message
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that is sent more often by B. Hence, messages would reveal information about integrity.
Accordingly, DM would retain (fire) with higher probability an expert that reports the
message that is sent more often by U (B). However, this cannot be an equilibrium. Since
messages do not carry information about the state, they do not affect the DM’s decision
about a,;. But then B would always deviate and report the message that is sent more often
by U in order to increase her chances of being retained.

Lemma 5(i) implies that in all informative equilibria messages must be correlated with
signals and hence with states. Since (without loss of generality) we restrict attention to
informative equilibria in which DM interprets message 1 to be (weakly) correlated with

signal 1 and hence state 1, this allows us to state the following Corollary to Lemma 5 (i).

Corollary 1 In any informative equilibrium, Pr(S | m; = x1) > a > Pr(S | my # ).

ii) First, consider the case in which U always reports m; = 1 regardless of s;. Then, by
Lemma 5 (i) a necessary condition for the equilibrium to be informative is that B truthfully
reports at least one signal with positive probability. However, this cannot be part of the
equilibrium since sending m; = 0 would immediately allow DM to identify the expert as
biased and to fire her, providing B with an incentive to always report m; = 1 (which is
the message that also provides current benefits to B). Now consider the case in which
U always reports m; = 0 regardless of s;. Also in this case, B must truthfully report at
least one signal with positive probability. It is immediate to verify that these equilibrium

strategies by U and B would imply that:

V(0,1) > V(0,0) >V > V(1,0) = V(1,1) = 0.

Accordingly DM would always retain the expert after observing m; = 0, and would always
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replace her after observing m; = 1. Conditions (19) and (20) would therefore read:

(1-9g)

(1 - 5E> > 5E772,B(07 1) lf S1 = ]_, (24)

IN

5E7T273(0,0) lf S1 = O, (23)

Now notice that V'(0,1) > V(0,0) implies that 75 5(0,1) > 72 5(0,0). Therefore, whenever
(23) is satisfied (24 ) never is implying that B always sends message 0. Likewise, when
(24) is satisfied (23) never is implying that B always sends message 1. In neither of these
cases is Lemma 5 (i) satisfied implying that these equilibria cannot be informative.

iii) We first show that it cannot be true that both (21) and (22) are satisfied with
equality, implying that it cannot be true that both A\;;; € (0,1) and Ay € (0,1). Note that
both (21) and (22) are satisfied with equality if and only if V(1,1):(1,1) = V(0,1):(0,1)
and V(0,0)¢(0,0) = V(1,0)¢(1,0). Furthermore, note that if both A\;;; € (0,1) and Ay €
(0,1), then V(my,x1) > 0 for all (my, xy).

A trivial case in which both (21) and (22) are satisfied with equality is when ¢(m, x1) =
0 for all (m4, z;). However this cannot happen if the equilibrium is informative. Indeed, if
the equilibrium is informative, there exist some realizations (my, z1) for which V/(m4, z1) >
V so that it would be optimal for DM to retain the expert. To see this, notice that if the
equilibrium is informative and ¢(m4, x;) = 0 for all (my, z;), B has no career concerns and
thus always sends m; = 1, but then it must be that U truthfully reports her signals with
positive probability thereby sending m; = 0 with positive probability. This implies that
V(0,0) > V.

We now prove that in all the other cases, (21) and (22) are never jointly satisfied.
To do so, first consider the case in which V(1,1):(1,1) = V(0,1)¢(0,1) > 0. This case
occurs only if V(1,1) = V(0,1). Now note that Pr(S | my,z1) = Pr(S | U,my,z1) Pr(U |
my, 1) + Pr(S | B,my,z1) Pr(B | my,x1) and V(my, 1) = Pr(S | U,my, 1) Pr(U | my, xq).
Since by Corollary 1 Pr(S | 1,1) > Pr(S | 0,1), the fact that V(1,1) = V(0,1) implies
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that Pr(S | B,1,1)Pr(B | 1,1) > Pr(S | B,0,1)Pr(B | 0,1) which is equivalent to Pr(B |
S,1,1)Pr(S | 1,1) > Pr(B | S,0,1)Pr(S | 0,1). However, this in turn implies that Pr(U |
S,1,1)Pr(S|1,1) < Pr(U | S,0,1)Pr(S | 0,1) which is equivalent to saying that V'(1,1) <
V'(0,1) which is a contradiction.

The only other possible case is when V'(1,1)¢(1,1) = V(0,1)¢(0,1) = 0. Since in an
informative equilibrium V(my, ;) > 0 for all (my,z;), this case occurs if and only if
t(1,1) = ¢(0,1) = 0. Now, note that if +(1,1) = 0, it must be that V(1,1) < V. Since
we can write V(1,1) = Pr(U | S,1,1) Pr(S | 1,1), and since by Corollary 1 Pr(S | 1,1) > «,
in order for V'(1,1) < V = ~« it must be that Pr(U | S,1,1) < ~, therefore implying that
my; = 1 is a negative signal of integrity. This naturally implies that also «(1,0) = 0. But
then, if also +(0,0) = 0, we are in the first case analyzed above in which «(m,z;) = 0 for
all (mq,x;). Instead, if +(0,0) = 1, we have V(0,0).(0,0) > V(1,0)¢(1,0) = 0, and again
(21) is always strictly positive.

The same line of reasoning applies to show that it cannot be that both (19) and (20) are
satisfied with equality implying that it cannot be that both Ag; € (0,1) and Ag, € (0,1).

iv) To prove this, we show that if A\;;; € (0, 1], then it must be that Ap; = 1. Given the

definition of 7o ;(m;, s1), we have that:

mop(my,s1 =1) =my(my,s1 =1)+ le Pr(zy | s1 = 1)a(my, x1).

This implies that the LH S of (20) reads as follows:

(1 — (SE) + 5E [71'2’3(1, 1) — 7T27B(0, 1)] =

= (1= 65) 405 o0 (1,1) — w0 (0, 1)] +6p{q (1, 1) — (0, 1)] + (1 — q) [i(1,0) — i(0, 0]},

J/

-~

c

where ¢ = Pr(z; = 1| s; = 1) > L. If the expression above is strictly positive, then

Ag1 = 1. We now show that C' > 0 is satisfied whenever (22) is satisfied with equality,
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which further implies that the expression above is always strictly positive whenever (22) is
satisfied with equality. Since ¢ > %, there are only two cases in which C' could be negative:

a) «(1,1) = 0 and «(0,1) = 1. Notice that if +(0,1) = 1, then it must be that m; = 0
is a positive signal for integrity and hence m; = 1 a negative one. But then it must be
V(1,0) < V and V(0,0) > V, and hence «(1,0) = 0 and ¢(0,0) = 1. This implies that
7wy (0,1) > my(1, 1) which contradicts (22).

b) «(1,1) = ¢(0,1) = ¢(1,0) = 0 and ¢(0,0) = 1. In this case, it is straightforward to
notice that 7;(0,1) > (1, 1) which again contradicts (22).

This implies that (20) is satisfied with strict inequality which is equivalent to say that

if )\U,l € (O, 1}, then )\371 =1 m

A.3 Proof of Proposition 1

We first show that HME(ml,xl) —| > HTT(ml,xl) — 4| = 0 for every m; = 0,1 and

x1 = 0,1. Given a realization (m, z1), the update on the prior v reads:

’YPI'(TTLI | U’ xl)

. 25
YPr(m | ) + (- ) Pe(mn | Boay). 2

F(my,z1) = Pr(U | my,z1) =

In a T'T equilibrium, both U and B truthfully use the same strategy of truthfully
reporting the signal they receive. Since the probability of receiving a given signal is
not correlated with the expert’s type i = U, B, it follows that for any m; = 0,1 and
x; = 0,1, Pr(my | Uyzq) = Pr(my | B,z1). Hence §(my,z;) = . This proves that
7" (my, 1) — | = 0 for every m; = 0,1 and z; =0, 1.

With regard to M FE equilibria, we know by Lemma 5 (iii) that each type i = U, B can
misreport at most one signal. So, let s = 0,1 denote a signal received by the expert.
Thanks to Lemma 5(iii) we only need to consider the following three cases:

1) Both U and B report s’ truthfully and misreport 1 — s’. First, we show that U

and B must misreport 1 — s’ with different probabilities, otherwise the equilibrium is not
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informative. To see this, suppose the equilibrium is informative and both U and B use
the same (misreporting) strategy. If the equilibrium is informative, we know by lemma
5(ii) that U must truthfully report each signal with positive probability. This means that
U’s messages are correlated with U’s signals and hence with state x;, implying that Pr(S |
Umy = x1) > Pr(S | Uymy # z1). At the same time, since both U and B use the same
strategy, we have that Pr(m; | U,x;) = Pr(m; | B,z;) and thus 7(mq, ;) = 7. All this
implies that m5/(0,0) > m¢(1,0) and 7oy (1,1) > mep(0,1). But then (21) and (22)
would always be satisfied with strict inequality, implying that U would always truthfully
reveal all her signals (contradicting our initial assumption that U misreports signal 1 — s').
Having shown that U and B must misreport 1 — s’ with different probabilities, let us now
assume without loss of generality that U reports 1 — s’ with higher probability than B. That
is, let us assume that \yy = A\py = 1 and Ap1_y < Ay1_¢ < 1. Since the probability of
receiving a given signal is not correlated with the expert’s preference type i = U, B, both
B and U have the same probability 1 of observing a given signal. It follows that U reports
message m; = 1 — s’ more frequently than B, and message m; = s’ less frequently than
B. Formally, Pr(m; =1—5" | U,x1) > Pr(m; =1—5 | B,z;) and Pr(my; = ¢ | U, 1) <
Pr(m; = ¢ | B,x1), which implies 7(m; = 1 — §',21) > v > J(m; = §',z1). Therefore,
WME(ml,:cl) — 7| > 0 for every m; = 0,1 and ; = 0, 1.

2) U truthfully reports signal s’ and misreports signal 1 — s’ while B does the opposite.
Lemma 5 (iv) implies that if U truthfully reveals signal 1, B must do the same. Hence, in
the case under consideration, it must be that s’ = 0. This implies that \yp = 1, Ay;; < 1 and
Ago < 1, Ap1 = 1. It is then straightforward to show that Pr(m; = 0| U,z;) > Pr(m; =
0| B,zy) and Pr(m; =1 | U,x;) < Pr(my = 1| B,x) for every x; = 0, 1. Hence, also in
this case we have y(m; = ', x1) > v > 7(m; = 1 — ¢, z1). Therefore, also in this case, it is
true that HME(ml,xl) — 7| > 0 for every m; = 0,1 and z; = 0, 1.

3) Only one type of expert i = U, B misreports. Without loss of generality, assume that

U truthfully reports both s’ and 1— ', while B truthfully reports s’ but misreports 1—s’ with
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positive probability. That is, assume that A\ = A\y1—y = 1l and Agy =1, Ap1_y < 1. But
then it is straightforward to show that Pr(m; = 1—5"| U,z1) > Pr(m; =1—¢'| B, x;) and
Pr(my =5 | U,z1) > Pr(my = ¢ | B,z1). Hence, y(my; =1 — &', x1) > v > 7(my = 5, 21).

Therefore, AME(ml, x1) — 7} > (0 for every m; = 0,1 and x; =0, 1.

We now prove part (ii) of Proposition 1. Consider the updates on the probability of
being smart conditional on the expert being unbiased and on m; = x;: updates on ability

when the unbiased expert’s message turns out to be correct:

a(U,1,1) = Pr(S|U,1,1) = ii[;l:(g—q)zil}iw)))]’

In an equilibrium in which U truthtells, Ao = Ayy = 1 and hence a(U,0,0) = a(U, 1,1) =
%. In an equilibrium in which U lies, A\yp < 1 and A\y; < 1 with at least one strict
inequality. Since both a(U,0,0) and a(U, 1,1) are strictly increasing in Ao and Ay, for
any equilibrium in which U lies it is then true that a(U,0,0) < < and a(U,1,1) < =2
with at least one strict inequality. A similar logic applies to the case in which the unbiased
expert sends a message that turns out to be incorrect, i.e., (U, 1,0) and a(U, 0, 1) which

are strictly decreasing in Ay and Ay ;.

A.4 Proof of Proposition 2

By Lemma 5 (iv), there can only be two putative equilibria in which U truthfully reports
all her signals:

i) Equilibria in which also B truthfully reports all her signals (truthtelling equilibria or
TT in short);

ii) Equilibria in which B truthfully reports s; = 1, and reports s; = 0 with probability

Apo < 1 (misreporting biased equilibria or M B in short)
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A.4.1 Truthtelling Equilibria (77)

In a T'T equilibrium, the value function representing the value of an expert in period 2

reads:

ifm1 =T :0,

if my =1 = 1,
VTT(ml,xl) =

7 (0,0)a7 " ( )
v (1) ( )
~IT(0,1)a"(U,0,1) ifm; =021 =1,
v (1,0) ( ) ifmy=1+#2=0.

\

It is straightforward to verify that:

3 (ma, 21) = v for any (mq, 1),

a=a""(U,0,1)=a""(U,1,0) <a<a'"(U,1,1) =a""(U,0,0) = a.

where o = % and @ = 7’7:‘. This in turn implies that:
V=v"0,1)=v"(1,0) <V < VT(1,1) = VT(0,0) = V. (26)

where V = % and V = ret,
DM’s strategy. From (26), it follows that in a truthtelling equilibrium DM will retain
the incumbent whenever m; = x; and fire her otherwise. Given this retaining strategy, we

have that:

1 lf mi = Iy,
(my,z1) = 27)
0 if mq 7£ x1.

B’s strategy. By Lemma 5 (iv), we know that if U truthfully reports s; = 1, then B
must truthfully report s; = 1 too. So, we only need to consider the case in which a biased
expert receives s; = 0. Expression (19) gives the condition for B to truthfully report m; = 0

after observing s; = 0. By using the expression of B’s continuation values, we can write
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(19) as follows:

(1—06g)al0)+dp Zm Pr(z; | s1=0)[V(0,21) + 1]2(0,21) + (28)

—(1=6g)a(l) + g Zm Pr(z;y | s1=0)[V(1,z1)+1]i(1,21) > 0.

Now, by using (26), (27) and the fact that Pr(z; = 0 | s; = 0) = ¢, condition (28) boils
down to:

1
5 > _ = §T7. 29
P g-1)V+2 (29)

Note that since 1/2 < ¢ < 1, 85" € (0,1).

U’s strategy. Consider the case in which an unbiased expert receives s; = 0 (a sym-
metric argument holds for the case in which s; = 1). Expression (21) gives the condition
for U to truthfully report m; = 0 after observing s; = 0. By using U’s continuation values,
(21) can be written as:

> Pr(zy | s =0V"(0,21)i(0,21) = Y Pr(a | s1=0)V""(L,21)i(1,21) > 0. (30)

1 1

Finally, by using (26), (27) and the fact that Pr(xz; = 0 | s; = 0) = ¢, condition (30)
simplifies to:

(2¢ — 1)V >0, (31)

which is always verified because 1/2 < ¢ < 1.

Existence intervals with respect to §z: A truthtelling equilibrium exists if and only if

op € [égT, 1}
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A.4.2 Misreporting Biased Equilibria (M B)

In an M B equilibrium, the value function representing the value of an expert in period 2

reads: (
YME(0,0)@ if my =, =0,
MB(L,)a ifmy =z =1,
VMB<m1’x1) _ YHE( ) 1 1
YMB(0,1)a ifmy =0# 2, =1,
| YMP(1,0)a ifm =1#21 =0
Note that:

AME(1,1) < 3MP(1,0) < v <3MP(0,1) =77(0,0),

a=a""U,0,1)=a"?U,1,0) < a < a™?(U,1,1) = a"?(U,0,0) = @.

This implies:

VMEB(1,0) <V < VMB(0,0). (32)

Having established this result, let us prove the existence of M B in two steps.

Step 1) We begin by showing that given U’s and B’s equilibrium strategies, DM retains
the expert after realizations (0,0) and (1, 1), and fires her after realizations (0, 1) and (1, 0).
In particular, we show that this strategy occurs if and only if Ap  is sufficiently high.

Observe that (32) implies that DM retains the expert after realization (0,0) and fires
her after realization (1, 0). This further implies that a necessary condition for the existence
of our putative M B equilibrium is that the expert is retained after (1, 1). If not, the expert
would always be fired when sending m; = 1. Hence U, whose only concern is to be
retained, would never send m; = 1 (which contradicts her equilibrium strategy in M B).
We now show that the condition for DM to retain the expert after (1,1) is satisfied if

and only if the condition for DM to fire the expert after (1,0) is satisfied too. These two
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conditions read respectively:
VMB(1,1) =~+yMB(1, 1)a > ya =V, (33)

VMB(0,1) =+yMB(0,1)a < ya = V. (34)

By using the expressions of 77 (1, 1), @, 3"”(0,1) and « into (33) and (34) we find that
VMB(1,1) = VMB(0,1) =V at A\go = %. This allows us to conclude that both

(33) and (34) are simultaneously satisfied if and only if A5y > % =\5 € (0,1).
Note that this further implies that the strategy of DM to retain after m; = x; and fire after
my # x is the only strategy that is consistent with an M B equilibrium.

Step 2) We now show that for sufficiently high values of A\ o, U’s and B’s equilibrium
strategies are optimal given D M’s equilibrium strategy outlined in Step 1.

U’s strategy. Let’s first consider the case in which s; = 1. U truthfully reports signal

s1 = 1 if condition (22) is satisfied. Given D M’s strategy, condition (22) becomes:
Pr(z; =1 s = 1)VM5(1,1) > Pr(z; =0 | s; = 1)VM5(0,0).

which can be written as:

gvMP(1,1) > (1 — q)v™7(0,0). (35)

where ¢ > 1 — q. Now note that:

i) When Ap o = 0, we have that v*#(1,1) = 0 and v*#(0,0) = 1, implying that LHS <
RHS;

ii) When gy = 1, we have that vM#(1,1) = v*5(0,0) = ~, implying that LHS >
RHS;

iii) v5(1,1) and v*#(0, 0) are respectively increasing and decreasing in Ag . It then
follows that there always exists a scalar XB € [0,1) such that for A\ € [X B, 1] , (35) is sat-

isfied. Let’s now consider the case s; = 0, for which the relevant condition for truthtelling
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is given by expression (21). It is immediate to note that (21) is always satisfied.

B’s strategy. By Lemma 5 (iv), we know that if U truthfully reports s; = 1, then
B must truthfully report s; = 1 too. Note that B reports signal s; = 0 with probability
Ao € (0,1) if and only if condition (19) is satisfied with equality. Given DM’s firing

strategy, this condition boils down to:
Pr(zy =0|s; =0)dg [VMP(0,0) + 1] —(1—65)+dp Pr(z; = 1| sy = 0) [VMP(1,1) + 1] =0.

Using the fact that Pr(z; = 0| s; = 0) = ¢, we can write the previous condition as:

_ 1 _ <MB
" 0.0 — (L= gV (L D +2g P B (0

Note that since 1/2 < ¢ < 1 and V##(0,0) > VMB(1,1) for any Az, € (0, 1), we have that
6% P(Apo) € (0,1). Furthermore, since V5(1,1) and VM5(0,0) are respectively strictly
increasing and strictly decreasing in Apg, 6% " (Apy) is strictly increasing in Apy. This
allows us to easily identify a lower bound ¢} € (0,1) and an upper bound 5153 € (0,1)
such that MB exists if and only if 6%/2 < 65 < 5 . In particular 5% = §5(\3,) where
A% = max ()\33,}3), and 3, = 6MB(1). Note further that when Az = 1, VMB(0,0) =
VMB(1,1) = V and the RHS of (36) coincides with the RH S of (29). Therefore 5{\;3 =

TT
g

Existence intervals with respect to 6z: MB can be supported if and only if 65 €

(637, 6%") where §3/7 = 637 (\};) and \}; = max (Ajg,XB>.
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A.5 Proof of Proposition 3

Since DM replaces the incumbent with a new expert after a mistake, we have that:

E}MB[Ry) = Pr(0,0/M B)y*5(0,0)a™B(0,0) + Pr(1, 1|M B)y™B(1,1)aMB(1,1)+
+ [Pr(0,1|M B) + Pr(1,0|M B)] ya =
= Pr(0,0|M B)y™5(0,0)a + Pr(1, 1|M B)yMB(1,1)a + Pr(0, 1|M B)ya + Pr(1,0|M B)ya =
= lgya + fgva + [Pr(0,1|MB) + Pr(1,0|M B)] ya =
= gya + [Pr(0,1|M B) + Pr(1,0|M B)] ya.

Now let’s compare this expression with the following one arising in a 7'7" equilibrium:

EIT [Ry] = Pr(0,0/TT)y™7(0,0)a™ (U,0,0) + Pr(L, 1[TT)y™"(L, 1)a™™ (U, 1, 1)+
+ [Pr(0, 1/TT) + Pr(1,0|TT)] yor =
= lgya+ fgyva+ [Pr(0,1,7T) 4+ Pr(1,0,77)] yo =

=gya+ [Pr(0,1,7T) + Pr(1,0,7T)] yau.

Note that:

Pr(0,1|MB) + Pr(1,0|MB) = % 1—a2p—1)(1—-(1—7v1-2Apo)] >

S0—a(p-1)] = PrO1TT) +Pr(1,01TT)

for any A € [0,1). It follows that E}'? [Ry] > EZ™ [Ra).

A.6 Proof of Proposition 4

Lemma 5 (ii) implies that U always sends both messages with positive probability in equi-
librium and Lemma 5 (iii) implies that, in an informative equilibrium, U can misreport at
most one signal. Hence, we can conveniently define equilibria in which U misreports in

the following way:

52



- Misreporting Unbiased equilibria (MU in short): equilibria in which U randomizes
after one signal and truthfully reveals the other signal.

Since in these equilibria \y;; € (0,1}, by Lemma 5 (iv), we must have that A\p; = 1.
This implies that we can further restrict our attention on the existence of the following two
putative sub-classes of equilibria belonging to M U':

i) MU(1): U truthfully reports s; = 0 and randomizes after s; = 1; B truthfully reports
s; = 1 and reports s; = 0 with probability Ap, € [0, 1].

ii) MU(0): U randomizes after s; = 0 and truthfully reports s; = 1; B truthfully reports
s; = 1 and reports s; = 0 with probability g € [0, 1].

We now prove the existence of each of the equilibria outlined above.

A.6.1 MU(1) Equilibria

We first prove that there exist MU(1) equilibria where Apy = 1 (i.e., MU(1) equilib-
ria where B truthfully reports both signals). We then prove that there also exist MU (1)
equilibria where A\p(, < 1 (i.e., MU(1) equilibria where B truthfully reports s; = 1 and

misreports s; = 0).

Case in which B truthfully reports both s; =1 and s; = 0. Inan MU(1) equilibrium,

The value function representing the value of an expert in period 2 reads:

.
W/MU(I)(O, O)CMMU U(U 0 0) if mp =& = 0,
MU(1) MU( 1) i = =
VMU (g, ) = K (1. 1)a (GL1) = =1,
AMUM(0, 1)aMVMD(U,0,1) ifmy =0# 2, =1,
MU (1,0)aMUD (T, 1,0) i my = 1# a1 = 0.
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Note that:

AMUM(1,1) = 3MYD(1,0) < v < 7MYD(0,0) < 3D (0, 1),

a=aM""OwW 1,0) <aM'M(U,0,1) < a <M"Y, 0,0) < aM"D(U,1,1) = @.
This immediately implies:
VMU (1,0) < V < VMUD(0,0). 37)

In order to prove existence we proceed in two steps.

Step 1) We show that given U’s and B’s equilibrium strategies, DM retains the ex-
pert after realizations (0,0) and (1,1), and fires her after realizations (0,1) and (1,0). In
particular, we show that this occurs if and only if A\;; is sufficiently high.

First, note that condition (37) implies that DM retains the expert after (0,0) and fires
the expert after (1,0). This also implies that a necessary condition for the existence of
our equilibrium is that the expert is retained after (1,1). Indeed, if this did not occur, the
expert would always be fired after sending m; = 1, and hence U (whose concern is to be
retained) would never send m; = 1 (which contradicts U’s equilibrium strategy).

We now show that the condition for DM to retain the expert after (1, 1) is satisfied if
and only if the condition for DM to fire the expert after (1,0) is satisfied too. These two

conditions read respectively:
VMU (1, 1) = AMUO(1, 1)U, 1,1) > qa =V, (38)

VMU (0,1) = 4MYM(0,1)aM M (U,0,1) < ya = V. (39

By substituting the expressions of 7Y™ (1, 1), «MVM (1, 1,1), 7Y™ (0, 1) and o«MV(U, 0, 1)
into (38) and (39), we find that VMUV (1,1) = VMUM(0, 1) = V at Ay, = (I—at2pa)(1—y)

2p—~y+ay—2pary *

This allows us to conclude that both (38) and (39) are simultaneously satisfied if and only
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(1—a+2pa)(1—y)

e = )\'U’l. Note that this further implies that the strategy of DM to

if A1 >
retain after m,; = x; and fire after m; # x, is the only strategy that is consistent with an
MU equilibrium.

Step 2) We now show that U’s and B’s strategies are optimal given DM’s strategy
outlined in Step 1 and given the constraint \;; > XUJ. First, note that by Lemma 5 (iii),
U will always report signal s; = 0 truthfully if she misreports signal s; = 1. Second, we
know by lemma 5 (iv) that if U reports s; = 1 with positive probability, B will report s; = 1
truthfully. Hence, there are only two conditions that we must show that are satisfied in

our MU(1) equilibrium. The first one is the condition that makes sure that U randomizes

when receiving s; = 1, that is:
gV (1,1) = (1 = VMU (0,0). (40)

The second one is the condition that makes sure that B truthfully reports s; = 0, which

can be written as:
SplgVMUM(0,0) — (1 — VMW (1, 1) +2¢— 1] > 1 — 5. (41)

Note that since ¢ > 2, if condition (40) is satisfied, then it must be that qVY(1)(0,0) >
(1 —q)VMUQ)(1,1), which in turn guarantees that the LH S of (41) is strictly increasing in
dp. Since the RH S is always strictly decreasing in §z, we can conclude that if condition
(40) is satisfied, then there always exists a value of §z above which (41) is satisfied as
well. This means that we only need to show that condition (40) is indeed satisfied for
some Ay € (A5, 1). Note that:

@ If App = Ay, VMUD(1,1) = V < VMUM(0,0). Hence, if « is sufficiently small (so
that ¢ is sufficiently small too), the LH S of (40) is smaller than the RH S,

(i) If \yp = 1, VMUD(1,1) = VMUD(0,0) and the LHS of (40) is larger than the
RHS.
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Therefore, by continuity, as long as « is sufficiently small, there always exists an \y; €

(Ay1. 1) such that condition (40) is satisfied.

Case in which B truthfully reports s; = 1 and misreports s; = 0. This is the case in
which \y; < 1and Ag( < 1. First note that the inequalities given by (37) continue to hold
true. Hence, DM retains the expert after (0,0) and fires her after (1,0). Furthermore, we
know by Lemma 5 parts (iii) and (iv) that if A;;; € (0,1), then it must be that A\ = 1 and
Ap1 = 1. Hence, we only need to prove that there exist a A\p € (0,1) and a Ay € (0,1)

such that the following three conditions are simultaneously satisfied:

gVMIO(1,1) = (1 - )V MU D(0,0), (42)
Spq[VMUM(0,0) +1) = (1 — 6g) + (1 — ) [VMVD(1,1) + 1], (43)
VMUM(0,1) < V < VMUM(1 1), (44)

Condition (42) is the condition that must be satisfied for U to randomize after s; = 1.
Condition (43) is the condition that must be satisfied in order for B to randomize after
s; = 0. Finally, condition (44) is the condition that must be satisfied in order for DM to
retain the expert after (1,1) and fire the expert after (0, 1).

First, let’s consider condition (42). Let \;;; € (0,1) be the value of Ay, that satisfies
(42) when A\go = 1 (we know by the proof of the case in which B reports truthfully that
Ay, exists). Now note that V/(1,1) is strictly increasing in Ao while V/(0,0) is strictly
decreasing in Apo. Hence, when Apy = 1 — ¢ (with ¢ > 0) and \y; = A;;; we have
that: ¢V (1,1) < (1 — ¢)V(0,0). By the proof of proposition 2 we also know that when
Apo =1—¢ > Az and \y; =1 (i.e., when we are in an M B equilibrium) we have that:
qV(1,1) > (1 — q)V(0,0). But then, when A\gy = 1 — ¢, by continuity there must exist a
Ava € (A;, 1) such that ¢V (1,1) = (1 — q)V(0,0).

Second, let’s consider condition (44). We know by the proof of the case in which B
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truthfully reports that when Ao = 1 and Ay;; = Aj;;, we have that VMU (0,1) < V <
VMUM(1,1). Note that when Ao = 1 — ¢ and Ay = Aj;, the previous inequality is still
satisfied by continuity (since VMU()(1,1) is strictly increasing in Ao, and VMUM(0,1)
strictly decreasing in Ap, ¢ must be chosen small enough to ensure that this inequality
holds true). Finally, note that when A\py =1—cand A\y; € ()\*Ujl, 1), the inequality above
holds a fortiori because VMU()(1,1) is strictly increasing in A\;; and VMU (0, 1) is strictly
decreasing in Ay ;.

Finally, let’s consider condition (43). If we solve it for § ; we obtain:

1
~ VAT (0,0) — (1= q)VID(L, 1) + 24

Op (45)

If (42) is satisfied, gV VM (0,0) — (1—¢q)VMU(M(1,1) is strictly greater than zero and hence
the denominator is strictly greater than one, which in turn implies that the RH S is always
larger than zero and smaller than one. Hence, we can conclude that given a value of
Ao € (0,1) and Ay € (0,1) for which (42) and (44) are satisfied, we can always find a

value of 0z € (0,1) that guarantees that condition (43) is satisfied too.

Existence intervals with respect to ;. Given the analysis of the two cases above, by

continuity we can conclude that a MU(1) equilibrium exists for 65 € [QAEJU(D, 1] where

QJ\E/[U(I) is the smallest value that the RH S of (45) takes in MU(1).

A.6.2 MU(0) Equilibria

Also for this case, we first prove that there exist M U(0) equilibria where Apy = 1 (i.e,,
MU (0) equilibria where B truthfully reports both signals), and then prove that there also
exist MU(0) equilibria where A, € [0,1) (i.e., MU(0) equilibria where B truthfully re-

ports s; = 1 and misreports s; = 0).
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Case in which B truthfully reports both s; = 1 and s; = 0. The value function repre-

senting the value of an expert in period 2 in an MU (0) equilibrium reads:

AMUO)(0,0)aMVO)(U,0,0) if m; =2, =0,
MU(0) MU(0) ; S —
VMUO 1y, 2y) = v (1, e (UL1) ifm =2 =1,
MU0, 1)aMYO(U,0,1) ifmy =0 # 21 =1,
YMYO(L,0)aMO(U,1,0) ifmy =1# 2, =0.

Note that:

FMUO) (9, 0) = FMVO(0,1) < v < FMVO(1,1) < FMUO) (1, 0),

a=a""Ow,0,1) < a0, 1,0) < a < a0, 1,1) < &MU, 0,0) = @.
This immediately implies:
VMUO(1,1) >V > VMUO( 1),

This means that DM retains the incumbent after observing (1, 1) and fires the incum-
bent after observing (0,1). But then, a necessary condition for the existence of the equi-
librium is that DM retains the incumbent after (0,0). If not, the expert would always be
fired when sending message zero and hence an unbiased expert would never send m; = 0

(which contradicts her equilibrium strategy). Therefore, existence requires that:
vMU©(0,0) > V. (46)

By applying the same line of reasoning we used to prove the existence of M U(1) equi-

libria in which B reports truthfully, we can show that: i) condition (46) is satisfied if and

(1—a+2pa)(1—y)

only if Ay > 5= 0as

= XU70; ii) For A\yo > /\’U,O, we also have that DM fires the

expert after (1,0); iii) U’s and B’s equilibrium strategies are optimal given DM ’s retain-
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ing strategy and the constraint Ay o > A, provided that « is sufficiently small. Hence,
also MU (0) equilibria are characterized by DM retaining the expert after (0,0) and (1, 1),
and firing her after (1,0) and (0, 1), and by U lying with a sufficiently small probability.
We also note that, as in the case of MU(1), z must be above a certain threshold in or-
der for B’s behavior to be consistent with the equilibrium. In particular, condition (19)
must be satisfied with strict inequality. Since the equilibrium behavior of U implies that
qVMU©)(0,0) = (1 — q)VMUO(1,1), (19) boils down to §x(2g — 1) — 1 — d5 > 0, which in

turn implies that 65 > 5.

Case in which B truthfully reports s; = 1 and misreports s; = 0. Existence can be
proved by applying the same line of reasoning we used to prove the existence of MU (1)
equilibria in which B truthfully reports s; = 1 and randomizes after s; = 0.

Here we note that an M U(0) equilibrium in which both B and U misreport s; = 0 must
be characterized by Ao < Apo. To see this, consider that for U to misreport s; = 0, (21)

must be satisfied with equality, that is:
gVM(0,0) = (1 — )V (1,1).

Since ¢ > 1 — g, the only way to have equality is that VMU (1,1) > VMU©)(0 0). Now
note that in the equilibrium under consideration &V (U/,0,0) > ™V (U,1,1). Hence,
to have that VMVO)(1,1) > VMU©) (0, 0), it must be that F(1,1)MV© > 3V o). By
proposition 1 this can occur only if U sends message 1 more often than B. Being \y; =
Ap1 = 1, it must then be that A\yy < Ag (i.e. the unbiased expert must lie more than the
biased one).

Finally we note that, based on the analysis above of MU(0) equilibria in which B
truthfully reports both signals, we obtain that MU(0) equilibria in which B misreports

exist for dp = %
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Existence intervals with respect to 6z Given the analysis of the two cases above, we

MU(O)

can conclude that MU (0) equilibria exist for 05 € [0 1], where Q%U(O) =1/2q.

A.7 Proof of Proposition 5

In order to determine when MU can improve sorting with respect to 77" we first consider

the case of M U(1) equilibria and then the case of M U(0) equilibria.

MU (1) Equilibria (U Lies after s; = 1 and B Lies after s; = 0) Since DM replaces the

incumbent with a new expert after a mistake, we have that:

EYUY R, = Pr(0, O]MU(l))yMU(l) (0, 0)aMUM(U,0,0)
+ Pr(1, 1| MU (1))yMV M) (1, 1)aMY (U, 1,1)+
+[Pr(0,1, MU(1)) Px(1,0, MU(1))] yau

By using the equilibrium values of Pr(my, z1|MU (1)), yYMY®) (my, z;) and ™V (U, my, 21),

EY vw [Ry] can be written as follows:
1
BV Re] = 570 {2+ (20 = DAea — (2 = Dar[(L = 1)Aso + 7))} -
Now let’s compare this last expression with the following one arising in a 7’7" equilibrium:

EGT [Ry] = Pr(0,0]TT)7"(0,0)a" (U, 0,0) + Pr(1,1|TT)y"™ (1, 1)’ (U, 1,1)+
+ [Pr(0,1|7°T) + Pr(1,0|7T)] e

By using the equilibrium values of Pr(my, z;|TT), ¥ (my, z1) and o™ (U, my, z1), EXT [Ry)

can be written as follows:

B3 [Ra] = 5702+ (20— 1)(1 - )]
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So, let us analyze when E;’ U(l)[R2] > E!T[R,]. It is easy to verify that this inequality

1— ABo—QYA 1— AB.Oo—QYA
a+a13’0 21280 Now note that —2F22B:0-A5.0
—ay l1—avy

is satisfied if and only if A\y; > > Apo.

This implies that E;"""[R,] > EIT[Ry] only if Ay > Apo. Put differently, a necessary

condition for M U(1) to dominate 77 is that the biased lies more than the unbiased.

We now prove that MU (1) equilibria with such features exist. In particular, we prove

l—a+alpo—ayApo
1—ay

that there exist A/U (1) equilibria characterized by A\;;; — 1and A\g < 1. Since <
1 for any A\go < 1, these MU(1) equilibria improve sorting over 7'7". To do this we proceed
as follows:

Step 1: We can iterate the procedure used in the proof of Proposition 4 to show the
existence of MU(1) in which B misreports when receiving s; = 1. Thus starting from the
MU(1) equilibrium in which A\py = 1 — ¢ and Ay = Ajf; € (A, 1), if we reduce App
by ¢ so that Ay = 1 — 2¢ when \y,; = )/, we have that ¢V'(1,1) < (1 — ¢)V(0,0). We
know that if Ay = 1 — 2¢ > A (with \}; being defined in the proof of proposition 2),
there exists an M B equilibrium characterized by Ay = 1 — 2¢ and A\y; = 1, in which
qV(1,1) > (1 — ¢)V(0,0). Therefore by continuity there always exists a A\y,; € (A, 1) for
which a new M U(1) equilibrium exists for Ay = 1 — 2e.

Step 2: We can iterate the above procedure until we reach A\g o = A} + ¢ where we can
define XUJ < 1 as the corresponding probability that satisfies MU (1) when Agy = A\ + <.
Here, based on the proof of Proposition 2, we have two possible cases: a) A\, = A\ > by
in which the binding condition for existence of M B is determined by the hiring strategy of
the DM and; b) A5, = Ap > A5 in which the binding condition is U’s truthtelling condition.

Case a)

i) Apo = N + ¢ implies that for these values there exists an M B equilibrium such that
V(1,1) > ary and V(0,1) < ay and an M U(1) satisfied by XUJ. Now if we further reduce
Apo from N + & to A}, we have that V(1,1) = ay and V(0,1) = a~. By definition we
know that M B continues to hold and thus ¢V'(1,1) > (1 — ¢)V/(0,0); at the same time,

since \y; has been kept equal to XUJ, we have that ¢V (1,1) < (1 — ¢)V/(0,0) (this is so
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because V' (1,1) and V(0,0) are respectively strictly increasing and decreasing in Ag).
This implies that there always exists a A\y; = im € (XUJ, 1) for which a new MU (1) exists
when Apo = M\, since V(1,1) and V(0,1) are respectively increasing and decreasing in
Ay implying that V(1,1) > ya and V(0,1) < va, so that the DM equilibrium strategy
continues to be satisfied.

Now we can lower \p g setting it to Ao = Az —e and by choosing ¢ so that V' (1,1) > ya
and V(0,1) < ya when \y; = im. We know by the definition of XB that if \gy =
Ny —e > Ag and Ay = 1 then ¢V/(1,1) > (1 — ¢)V(0,0) (despite this not being an M B
equilibrium because A\py = A\ — ¢ implies that the DM equilibrium condition is never
satisfied); at the same time, when Ay = Ny — ¢ > XB and \y; = /A):UJ, we again have that
qV(1,1) < (1 —¢)V(0,0), once again implying that we can always find a \y; € (im, 1)
that satisfies MU (1) for A\py = Nz — e. Indeed, since V/(1,1) and V(0, 1) are respectively
increasing and decreasing in Ay, this implies that for \y; € (iy,l, 1), V(1,1) > a~ and
V(0,1) < ay, and the DM equilibrium strategy continues to be satisfied.

ii) Iterating the above procedure, as Ap tends to \p from above we have that by the
definition of Az, ¢V (1,1) = (1 — ¢)V(0,0) for Ay = 1 and ¢V (1,1) < (1 — ¢)V(0,0) for
A1 < 1. By continuity this implies that there always exists an MU (1) with A\y; — 1 and
Ao — XB < 1.

Case b)

This case simply reduces to point (ii) of case a).

The following corollary is an immediate result of the proof above:
Corollary 2 MU (1) equilibria exist for Ago € [Ap, 1]

This corollary implies that A/U(1) equilibria exist for at least all the values of A\ for

which M B equilibria exist.
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MU (0) Equilibria (Both U and B Lie after s; = 0). Since DM replaces the incumbent

with a new expert after a mistake, we have that:

EY"O [Ry) = Pr(0,0|MU(0))7MU© (0, 0)aMU (1, 0,0)
..................... + Pr(1, 1| MU(0))yMY©) (1, 1)aMVO(U, 1,1)+
+ [Pr(0,1, MU(0)) Pr(1,0, MU(0))] ya

By using the equilibrium values of Pr(my, z1|MU(0)), YY) (my, z;) and «™VO(U, my, 2,),

EY vo [Ry] can be written as follows:

1
EéWU(O) (Ry] = Sy {24 2p—DApo+ 2p— Da[(1 =)Ao+ 7 co)l}

Now note that the expression of Ej’ vo [R,] has the same form of that of £’ U(l)[RQ].

Hence, as it can be easily verified, E)"Y[R,] > EIT[R,) if and only if Ay > I_O‘Mifg;awm >

Apo. So, we have again that Eéw

YO > EIT only if Ay > Ap,. Put differently; a necessary
condition for MU(0) to dominate 7'T is that the biased lies more than the unbiased. In
this respect, we note that, as shown in the proof of proposition 4, MU (0) equilibria exist
only if Ay < Ap,, implying that it is never the case that they can improve sorting with

respect to T7'.

A.8 Proof of Proposition 6

Note that by (21) and (22), § does not affect the behavior of U. Hence we can focus on
the behavior of B.

The following points allow us to complete the proof.

1) Let 4%, denote value of §p such that for §p > §%, equilibrium o exists, where o =

TT,MB,MU(0), MU(1) and 0%, is the lowest value that expression qva(o,o)—(1—1q)vv(1,1)+2q

takes in equilibrium o. Now note that:

i) in TT we have that VT7(1,1) = VIT(0,0) = V;
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ii) in M B we have that VM5(0,0) > V > VMB(1,1);

iii) in MU(1) we have that ¢VMUM(1,1) = (1 — q)VMY1)(0,0) (condition for U to
randomize after signal s; = 1), and that VMY (0,0) > V > VMU(1,1);

iv) in MU(0) we have that ¢VMV(©(0,0) = (1 — q)VMU©)(1,1) (condition for U to
randomize after signal s; = 1).

v) By Corollary 2 since V(0,0) and V' (1, 1) are respectively strictly decreasing and in-
creasing in \pp, we have that ¢VMUM(0,0) — (1 — ¢)VMUMW(1,1) > qVMB(0,0) — (1 —
q)VME(1,1)

Given (i) we have that 6% = m Hence, note that (ii) implies that §%/% < 627
and (iv) implies that égU(O) = i > oL, Finally, (v) implies that Q%U(l) < 0P, Hence we
have that Q%U(l) < 0MP < 61T < é%w(m.

2) By Corollary 2 at the end of the proof of Proposition 5, we know that MU (1) equi-
libria exist for all values of A\g € [XB, 1]. Therefore, if )\33 < \g, by continuity, there exists
an MU(1) equilibrium that converges to M B as Ay — XB and \y; — 1. It is immediate
to verify that these values of Ago and Ay determine both )’ and §¥7, implying that
éﬂjw(l) = 6B, Therefore, for 6 € [0%7, 51" there always exists an M B equilibrium and
possibly an MU* equilibrium. Instead, if A > Ap, this implies that %" < §¥7 and
therefore an M B equilibrium does not exist for iz € [QJ\;U(I),ég B]. By the proof of Propo-
sition 5 there always exists an MU* equilibrium for values of A sufficiently close to \p,
since in this case A\;; — 1. Moreover, we cannot exclude that all the MU (1) equilibria that
exist for Az € [Ap, \] may dominate 77" and therefore also be part of MU*.

3) By Lemma 5 we know that there are no other informative besides 77", MU and

M B, therefore when §p < é%U(l) no informative equilibria exist.
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